
763315A ATK II � NUMEERINEN MALLINTAMINEN Harjoitustyö 1The king of snookerLittle Niko-Petteri wants to be
ome the new king of snooker. Inse
ure of his skills, he uses physi
s to
al
ulate how he must make his shots. It is your task in this ex
ersise to do the ne
essary math inMathemati
a.The table is setup as in Fig. 1. Niko-Petteri must make his shot so that he gets the bla
k ball intothe 
orner po
ket. The balls are alike and their mass is M = 150 g and radius 2.7 cm.Task 1.Your �rst task is to 
al
ulate the initial velo
ity that the bla
k ball needs inorder to roll into the po
ket.We assume that the for
e slowing the ball down is 
onstant and given by the rolling fri
tion between theball and the 
loth,
Fr = µrMg, (1)where the 
oe�
ient of rolling fri
tion µr = 0.01 and g = 9.81 m/s2 is the a

eleration due to Earth'sgravity. As it rolls on the 
loth, the ball does the work W ,
W = Frs, (2)where s is the distan
e traveled by the ball (See Fig. 1). The kineti
 energy of the ball is the sum of itstranslational and rotational energies, T trans and T rot, respe
tively. The total kineti
 energy is

T = T trans + T rot =
1

2
Mv2 +

1

2
Jω2, (3)where v is the velo
ity and ω the angular velo
ity. The quantity J is the moment of inertia of the ball,

J =
2

5
MR2. (4)If the ball rolls without slipping, its angular velo
ity is

ω =
v

R
. (5)So you task is:1. Solve the equation W = T with respe
t to velo
ity v both symboli
ally and numeri
ally.2. Plot the total kineti
 energy of the ball as a fun
tion of the velo
ity.Task 2.Your se
ond task is to solve the velo
ities of the white and bla
k ball, so that the bla
k ball rolls to thepo
ket. We assume, that the kineti
 energy a
quired is enough for the ball to rea
h the bag.Let the momentum and the kineti
 energy of the white ball just before the impa
t be pppw = mvvvwand Tw = 1/2mv2

w, and after the impa
t ppp′w = mvvv′w and Tw
′ = 1/2mv′w

2. The bla
k ball at rest in thebegininng, so that ppp′b = 0 and Tb = 0. As for the white ball, we denote the momentum and energy ofthe ball by ppp′b = mvvv′b and Tb
′ = 1/2mv′b

2. Assume that the 
ollision is not fully elasti
, but that a smallfra
tion of the kineti
 energy, Einel > 0, is lost after the 
ollision. When there is no fri
tion between theballs, the rotational energies of the balls is 
onserved, and thus vanishes from the equations.
pppw = ppp′w + ppp′b, (6)

T trans
w = T trans

w

′

+ T trans
b

′

− Einel. (7)



So that the ball would go dire
tly into the 
orner po
ket, the velo
ity ve
tor vvvb
′ must make a 225odegree angle with the x�axis. This 
ondition is satis�ed when v′bx = v′by < 0, as depi
ted in Fig. 1.Together with Eqs. (7) we obtain the set of equations

mvwx = mv′wx + mv′bx (8a)
mvwy = mv′wy + mv′by (8b)

1

2
m(v2

wx + v2

wy) =
1

2
m(v′wx

2
+ v′wy

2
) +

1

2
m(v′bx

2
+ v′by

2
) − Einel (8
)

v′bx = v′by. (8d)In addition to the velo
ities, we are interested in the angle that the velo
ities of the white and bla
kball make after the 
ollision. This 
an be solved from the s
alar produ
t
vvvb

′ · vvvw
′ = |vvvb||vvvw| cos θ,where θ is the angle that we are interested in. When expanded, the above equation reads

v′bxv′wx + v′byv′wy
√

v′bx
2 + v′by

2

√

v′wx
2 + v′wy

2

= cos θ. (9)Do the following:1. For starters, let us assume that the 
ollision is perfe
tly elasti
, that is, Einel = 0. Analyti
allysolve the end velo
ities of the white and bla
k ball from the equations (8). Substitute your solutioninto the equation (9) and from that, solve the angle θ. As your answer, give (a) the end velo
itiesof the balls as fun
tions of the initial velo
ity of the white ball and (b) the angle θ between theend velo
ities.2. Let us now assume that the white ball hits the bla
k ball at a velo
ity vvvw = (−0.2,−1.25) m/s,and that one per
ent of the kineti
 energy is lost in the 
ollision
Einel = 0.01 · T trans

w .Solve the set of equations (8) numeri
ally. Substitute the solution you obtained into the equation (9)and numeri
ally solve the angle θ. As your answer give (a) the end velo
ities of the balls for thegiven vvvw and (b) the angle between the end velo
ities of the balls. By how many degrees does theresult of part (1) 
hange?
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Kuva 1: The situation Niko-Petteri is fa
ing and the ball velo
ities, s
hemati
ally.


