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• bdcfehgji*klkfemg/c
nporq�s�t ehgjc s klumi!cfeve q�sws�x eyklk s i*kfg s{zlz u xZ|/| g/} x }h} zE~ g.}�e x�� c qwt c!}h}hk
nporq�s�t ehgjc s klumi!c ��x�s�| kl} tlxZ� g s�xZs c s e��l� |/z }�e z

• � |jx e x eyklk sR��x eme z=orq�swt ehgjc s f klumi!cfe�e qws�s�x eyklk s�~ g/}�e x g/}h} z xi
� i = 1, . . . , n �Zb x u t��

g�e zlzfs f(xi) ≡ fi ����g.}�e x gje z (xi, fi) }mk s cfeyklk s�� k*eyk ~ g.}�e x g t }�g�� x }mg � � � gje�ehk q }�e q��| c t }mg.k!���
• � s e x u ~ c | k!k*ehgjcXehklu t clgje�eyklk orq�s�t emg/c s kfuhilc ��x�sV�^z!z uhg�eme zf� g.}�e z�~ g.}�e x g.}m} z x � xi <
x < xi+1

� i = 1, . . . , n− 1 �
n�� c!}R�
k |/q ehk!k s�| kl} tlx k f(x) ��t�q�s x < x1 eykfg x > xn

��t ��} x c sLx�t }�emuyk ~ c | klk �emg/c!}�ehkw�-� zl|j| �lg s � |jx�xZs } z kfuhi*k*ehk!k s�orq�s�t emg/c s�t�z ��eme z ��e�� � g s�x�sV� k�}�c*i�gje xZ�ehk!k s kfuhi�kfe�e q�� k |/| g � kfehklk sV��� kl� � c |j| g/}mg �X� k s ����i�g s�� �re z }�e zV� �!�l� x��X�� g s{| g/} zlz ���
n � s e x u ~ c | klkfemg/cfehk�ehklg orq�s�t emg/clg ��x�s k ~�~ uhc t }mg � clg s emg.k;eykfuhi�gjehk!k sOx }mg � � orq�s�t��

emg/c s g s e xZ� uhk!k | g/k | k!} t!x emehk x }m}hk � eykfg � |/xZxZs } zlt g s�� c�} orq�s�t ehgjclehkJehklumi�gjehk!k s� c!}h}hkfg s¡| k!} t�q }h}hk � k � c t cJ}�g/gje z�x gvemg x���x e z ehklu ~�xZx�t }mg¢ehkfg;} x c s �wk s�t k | kt*z }mg�e xZ|/|/z �
• £ q�s�t ehgjclehkXilc!g � k!k s k ~�~ uhc t }mg � c!g � k ~ c | � s c � g |/| k ��x }mg � �

p(x) =

n
∑

i=1

fi

n
∏

j=1,j 6=i

x− xj

xi − xj

n�¤ q c � ���lc
� ~ c | � s c � g)c s kl}�e x emehk n− 1 �
n¦¥
§h¨�©«ªf¬�ª �
c�}�c!g�eyk ��x eme z p(xi) = fi

� i = 1, . . . , n �
n ��c | � s c � g)c s � x�|j~w~ c | kl} tlx k � k t*z }mg�e xZ|/|/z �
n ��c | � s c � g)c sX� kfe t�q i*k � k zlz u x emem� ��zls�� c s ehk t!x umehklk ��x umg/ilc!g�e q i*k��
n®­�q�q umg |j| k n � s klumi!clg |j| k ~ c | � s c � gRc�} t g |j| clg�ilc!g � k t�t k!kl}�emg

¯



In[534]:= a = TableA9x, ExpA-x2E=, 8x, -2, 2, 0.05<E �� N;

b = InterpolatingPolynomial @a, xD;
PlotA9ExpA-x2E, b=, 8x, -2.1, 2.1<,
PlotRange ® 80, 1<, AxesOrigin ® 80, 0<, ImageSize ® SmallE

Out[536]=
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n±° g_}mc*i x�|j|/q\xZt }�ehuhk ~ c | k!k*ehgjc�c s
• ��k | c!g�emehklg s�x�s g s e x u ~ c | clg s emg

n £ qws�t emg/cfehk f k ~�~ uhc t }mg � c!g � k!k s�� c t kfg.} xZ|/| k²i zf| g |j|.z xi < x < xi+1
x umgorq�s�t ehgjc!g |/| k ����x u t � f(x) ≈ qi(x) �wt�q�s xi < x < xi+1

� i = 1, . . . , n− 1 �
n � s e x u ~ c | clg/i*k orqws�t emg/cXc s{s ��e ~ k | c!g�emehkfg s\��z!z uhg�e xZ| e��

Q(x) =















q1(x), x1 < x < x2

q2(x), x2 < x < x3

. . .
qn−1(x), xn−1 < x < xn

� ¯ �

n £ qws�t emg/cfe qi ilc!gji*k*eRc |j| k x }mg � � ~ c | � s c �Xx�� k � � t }�g s�t!x umehkfg.}mg ��� g |/| klk s i*k t g/c �ehklg | g s�x klklumg.}�g.k orqws�t emg/clgjehk��
In[408]:= a = Table@8x, Sin@xD<, 8x, 0, 2 Π, Π � 3<D;

b = Interpolation @a, InterpolationOrder ® 1D;
Plot@8Sin@xD, b@xD<, 8x, 0, 2 Π<, ImageSize ® SmallD

Out[410]=
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n�� c!} qi c*i*kfe;} q c!umg.k � eh}�� qi(x) = ai(x− xi) + bi � i = 1, . . . , n ��t!x umemc!g ��x e
ai

� k bi }hklk � klk sV�^zlz u z eme�� z } q c!uhk!k s^orqws�t emg/c s kfuhilc!g/}�ehkw� qi(xi) = fi �n�� c!} qi c*i*k*e t clu tlx k ��� k s k!}�e xZxZsp~ c | � s c ��x�� k � eykfuhi�gjehk!k s#| g/} zfx �!ehc � kw�³ } x g s i�k!k � gjehk!k s¡x }�g � �´g s e x u ~ c | c!gji*k s¡orq�s�t emg/c sµ��x uhg/i�k!k*eyk sd� kfe t�q i q�q }~ g.}�e x g.}m} z xi �n �´k | � c s\t*z �!e x eme��^g s e x u ~ c | klkfemg/cOc s�s }�� |/q c s�s c |/| g s�xZs\t�q�q ehgjc |j| g swxZs } ~�| g s�xl�� c!}h}hk t�q�t g s qi c s\¶ ��kl}�e x�xZs\~ c | � s c � g ��� k Q′ � k Q′′ c*i*k*e � k*e t�q i�g/k ��t�qws
x1 < x < xn

�*� k Q′′(x1) = Q′′(xn) = 0 �

·



n b�kfem� x�� kfemg.¸Zk!}m}hk x�� �w} ~w| g s�xM� }mc*i�gje q }vk s ehklk ~ kluhk �Xx emuhg/} xZsVt*z ��u zfs �
<< Splines`
s = SplineFit @a, CubicD;
ParametricPlot @s@xD, 8x, 0, 2 Π<,
ImageSize ® Small,
AspectRatio ® 1 � GoldenRatio D

Out[604]=
1 2 3 4 5 6

-1.0

-0.5

0.5

1.0

n �´k | clgje�eykfg s¹�^zlz umgje x�| e���g s e x u ~ c | klkfemg/c orq�swt ehgjc t*z ��e�e z ��e���� � kfehk ~ g/}�e x g ��x�s
i zf|/x g.}m} z�~ kfu xZ��� g sºt�q g s � t }mg ~ c | � s c � g � }mg |/|/z�~ c | � s c � g s k!}�e xV~ ��}����t�q uhg/}h}mkw�

n
• ¤ q c � ��e z }h} zV��z e x e zlzls�~ k | � c s �wg x�s c q�t }mg/k ��t�q e xZs i�g/um� x�xZs kfuhi�gjc!g s emg.k ��~ clg.}Z�» g.} z emg x emc�k | �*��e���� �Eq g.}�eyk s�qw�Xx umg/g t k s{t�q uh}h} x g/}�ehkw�

¼½F=G�N�¾LILNMCOD-N

• � c�} orq�s�t emg/c s�| k q } x�tlx c s emg x�� c�}m}hk ����x uhgji*klkfehk s:| g t g.kfuhilc¿}hklk � klk s } q c!uhk!k s��z!z uhg�e xZ|/�^z }�e z �
f ′(x) = lim

h→0

f(x+ h) − f(x)

h

i�k | gjeh} xZ� k |j| k h � s klumi!cO�
k |/q e q�s eykfu t�t�q�q
��xZsV�Eq�t klk s �
• £ q�s�t ehgjc s f ��x umg/i*klk*ehclg |j|/x ilc!g � klk sÀ� cl��eyklk | g t g ��z!z u z g.}�g z�| k q } xZt�tlx g�eyk f � s ��k�� �| c!umg s }hkfu � kl}�ehk

f(x) =

∞
∑

i=0

f (i)(x0)

i!
(x− x0)

i

• � |jx e x eyklk sÁ��zf|/|jx�xZsR��x eme zEorq�s�t emg/c s klumi!cfe�e q�s�s�x ehk!k s�~ g.}�e x g.}h} z xi
� i = 1, . . . , n �

f(xi) ≡ fi �l� |/x e x ehk!k sE| g.} zlt }mg ��x e�e zÀ~ g.}�e xZx e xi c*i�kfe-eykl}hk�i zf|/x g sR� ey}Z� xi+1−xi =
h � i = 1, . . . , n− 1 �

n ¯ � ��x uhgji*klkfehk |j|/x }mk!k � k!k s eykfu tlxZ��~ gRklumi�g/cw�
f ′(xi) =

fi+1 − fi−1

2h
− 1

6
f ′′′(xi)h

2 + . . . � · �
n · � ��x uhgji*klkfe�eyk

f ′′(xi) =
fi+1 − 2fi + fi−1

h2
− 1

12
f (4)(xi)h

2 − . . . � ¶ �

¶



n�¶ � ��x uhgji*klkfe�eyk
f ′′′(xi) =

fi+2 − 2fi+1 + 2fi−1 − fi−2

2h2
− 1

4
f (5)(xi)h

2 + . . . �ÃÂ��
n�� k s gjg s±x���xZ|/|jx�xZs ���Z�m£ q�s�t emg/c s n � s�swxZs���x umg/i*klkfehk s klumi!c s#| kl} tlxZ� g.} x }m}hkehklumi�gjehk!k s�orqws�t emg/c s kfuhilc n+ 1 ~ g.}�e xZx }h} z �
n¦¥
§h¨�©«ªf¬�ª �*�_c � g.}�eyk=�lc
� t klk�i*k*eÄ� t � swzl|j|.z�� k ~ k ~
x umg |/| k�� |/z ��emg xZs f � s ��k�� | c!umg s}hkfu � kl}�ehk��

In[592]:= f@x_D := Exp@0.2 xD Sin@xD; n = 16; Clear@tD;
t@1D = 0; t@nD = 2 Π;

DoBt@iD = t@1D + Hi - 1L 
t@nD - t@1D

n - 1
, 8i, 2, n - 1<F;

h = t@2D - t@1D;
df = TableB:t@iD, f@t@i + 1DD - f@t@i - 1DD

2 h
>,

8i, 2, n - 1<F;
ddf = TableB:t@iD, f@t@i + 1DD - 2 f@t@iDD + f@t@i - 1DD

h2
>,

8i, 2, n - 1<F;
dddf = TableB:t@iD, f@t@i + 2DD - 2 f@t@i + 1DD

2 h3
+

2 f@t@i - 1DD - f@t@i - 2DD
2 h3

>, 8i, 3, n - 2<F;
In[599]:= g1 = Show@ListPlot @dfD, Plot@f'@xD, 8x, 0, 2 Π<DD;

g2 = Show@ListPlot @ddfD, Plot@f''@xD, 8x, 0, 2 Π<DD;
g3 = Show@ListPlot @dddfD, Plot@f'''@xD, 8x, 0, 2 Π<DD;
GraphicsArray @8g1, g2, g3<D

Out[602]=
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• Å x umg/i*klk*eyk s kfuhilc s�| kl} tlxZ� g.} x�t }�g � kfehk ~ g/}�e x g/}�em� s u xZq�s clg |j| k � f ′(x1) � k f ′(xn) �ehkfuhi�g�eyklk s u xZq�s k x ��emc � k ��x }mg � � f(x1 − h) = f(xn + h) = 0 �
• Å x umg/i*klk*emehk orq�s�t emg/c |/|jx }hklkÆk ~�~ uhc t }mg � klkfemg/c s¹� �l��}^g s e x u ~ c | c!g � k |j| k � k*eyk ~ g.} �e x gje zÀ� k | kl} tlx�� k |j| kLg s e x u ~ c | clg/i*k sVorq�s�t emg/c sd��x umg/i*klk*eyk s �

B�CED�F;Ç�G�IENMCOD-N

• �-klu t kl}�e x�|j| klk sEorqws�t emg/c s f �^zlz u z eme�� z g s e xZ� uhk!k | g/k�� | g
i zf| g s [a, b] �!��k�i�k s c � klg �s�xZs �ÃÈ g x�� k s�s g s �)g s e x�� uyklk | g �^zlz uhgje xZ|/|.zlzfs�t kfu tlx kl}�emg*cfemehk xZs � È g x�� k s�s g s } qw�O�

Â



� g xZs��
n−1
∑

i=1

f(ti)(xi+1 − xi)

uhk � k � kfuhilc s k �Mt�q�s i zf| g s [a, b] � k t c!k�c!}hk�i zf|/x g/��g s [xi, xi+1] ehgj� x�s�s�x e zlzls �l� z }m} z
x1 = a � xn = b � k ti ∈ [xi, xi+1] � i = 1, . . . , n− 1 �

• � |jt c�c s ehk!kl} xi+1 −xi = h � i = 1, . . . , n− 1 � k ��x u t � f(xi) ≡ fi ��É t }�g s�t!x u �ehkfg.}mg s k ~�~ umc t }mg � k!k*ehgjcOg s e x�� uyklk | g |j|/x }mk!k � k!k s�t g/g s�s g�eme zf�^zl|j|.z � |j|.z ti = xi �
∫ xn

x1

f(x) dx ≈ h

n−1
∑

i=1

fi

• ��klu x���~ g/k²k ~�~ uhc t }�g � klkfemg/clgjehk ��z!z u z e�� |/|jx g s e xZ� uhk!k | g |/|jx }hklkJg s e x u ~ c | c!g � k |j| korq�s�t emg/cfeyk f ~ k | clgje�eykfg s{��z!z uhg�e xZ|/| � |/|/zEorq�s�t ehgjc |j| k{� t }Z� t k!k�i*kV� ¯ ���M�
n�� c!} qi c*i*kfe ¯ ��kl}�e x�xZs�~ c | � s c ��x�� k � qi(x) = ai(x−xi)+ bi � }hklk � klk sXs }Z�Ê�ËwÌfÍÏÎ.Ð�Ë�Ë�ÑwÑ
ÎjÒlÓ*ÐhÐ ª!ª Ñ ©ÕÔ �

∫ xn

x1

f(x) dx ≈ h
n−1
∑

i=1

fi + fi+1

2
=
f1
2

+
n−1
∑

i=2

fi +
fn

2

¥
§h¨�©«ªf¬�ª ���-c � g.}�eykO�!cw� t klk�i*k�Ö
n�� c!} f � zlz g s e x u ~ c | c!g � k!k s ÒlÓ ¨�×l§ Ñ ¬*ª Í�ÎØÑ�Ù*ÍÏÎ q�| cle�e q i�g |/| kºehclg.} x�s kl}�e xZx�s~ c | � s c ��x g |j| k � }hklk � klk s�s }�� ­ g ��~ }�c s g s\t k!k�i�kw�

∫ xn

x1

f(x) dx ≈ h

3
(f1 + 4f2 + 2f3 + 4f4 + . . .+ 2fn−2 + 4fn−1 + fn)

• Ú q���xZx umg s�x�s g s e xZ� umc!g s ehg)c s c � kOehkfgje x�xZs�| k � g s }hk���� zf�^z c | g)i*kfg s k |/t�q k��

Û



In[392]:= f@x_D :=
x

1 + x2
; n = 21; Clear@tD;

t@1D = 0; t@nD = 4;

DoBt@iD = t@1D + Hi - 1L 
t@nD - t@1D

n - 1
, 8i, 2, n - 1<F;

h = t@2D - t@1D;
In[396]:= g@x_D := HFor@i = 1; gx = 0, i £ n, i++,

If@x ³ t@iD && x £ t@i + 1D, gx = f@t@iDD;
BreakDD; gxL

In[397]:= j = Interpolation @Table@8t@iD, f@t@iDD<, 8i, 1, n<D,
InterpolationOrder ® 0D;

In[401]:= g1 = Plot@8f@xD, g@xD<, 8x, t@1D, t@nD<D;
g2 = Plot@8f@xD, j@xD<, 8x, t@1D, t@nD<,

PlotRange ® 80, 0.5<D;
GraphicsArray @8g1, g2<D

Out[403]=
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• � c�}�eykfg s }m����}�e z b�kfem� x�� k*emg.¸Zk x g | k!} t!xÁ~ k | clgje�eykfg s\�^z!z uhg�e xZ|/| � sVorq�s�t emg/c s g s e xM�� uyklk | g.kLclg tlx g s �
k@x_D := ForBi = 0; kx = 0, i £ n, i++,

IfBx ³ t@iD && x £ t@i + 1D,
kx =

f@t@i + 1DD - f@t@iDD
h

 Hx - t@iDL + f@t@iDD;
BreakFF; kx

In[431]:= h NSumB f@t@iDD + f@t@i + 1DD
2

, 8i, 1, n - 1<F
h NSum@f@t@iDD, 8i, 1, n - 1<D
NIntegrate @j@xD, 8x, 0, 4<D

Out[431]= 1.40235

Out[432]= 1.35529

Out[433]= 1.44941

Ü
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• bdcfehgji*klkfemg/c
n±x ey}�g z=~ kluhk �Xx emu x g |j|/x } x�|j| kfg.} x e_kfuhilcle �yx eme z e x c!u x�x e�ehg swxZsÁ� k |/| gfi*k!}�eyklkv�wk�i*kfg s��

emc�kfg s�x g.}�emc!k
• ° }�g � � � gjehk*eyklk sO� c s�t g sdx�|jx�t emuhc s g.} x�sVt c ��~ c s�x�s ehg s{|.zf~ g t�q�|jt!x i*k�i�gjumehk I } x�s~wz g ��xZs i zf| g/} xZs���zfsws g�eme x�xZs V orq�s�t emg/c s k�� � c!}�c |/x e x eyklk s_��x e�e z²t c ��~ c s�x�s e�emgs c qw� k*e�eyklk s �À� � g s�| k t g.k � V = RI � e x ��e z i zlswz c s^��z!z uhg�eme z!z } x�|j| kfg s�xZs u x }�g.} �ehk s }m}mg s R kfuhilc �)x e�e z{orq�s�t emg/c V (I) i*kl}�ehklk\�wk�i*klg s emc�kfg/� x g.}�emc!k (Vi, Ii) à Ó ¨�á× Ì*ÍØÍ�Î.ÐyÎ àXà Ó*Ñ ¨ Ù ¬ ÎØÑ �
• ��k | � c sÁt�z ��e x e�e���}�c*i�gje q } ��xZs�x e x�|j�^z c s Ê�Î § ÑwÎ àXà ª Ñ�Ñ § ÍÏÎ Ô Ð�Ë àXà ÓfÑ à § Ñ §Z©«§ Í à ª �� |jt ���wk�i*kfg s emc�kfg s�x g.}�ehc (xi, yi) � i = 1, . . . , n �M��g xZs g ����zls�s�xZ| g/�!} q���� k sÁ�Xx�s�xM�

e xZ|/�^z }h} zOx ey}�gje z!zfsVorq�s�t emg/c f ��� c |/|/x
n

∑

i=1

(f(xi) − yi)
2

}mk!k ~ g x�s g ���^zfs klumi!c s }hk�� ¤�q c � � § Î ¬ Ó!Ó × Î © Ó�â §Z©'©Õª-ã Ë�Ñ�Ò © ÎÃÌ f ÒfË�Í ÒfÎ.ÐyÎ�Ù ¨�×!§ Ñ�Ò ª!ª Ñ× Ó © ÓhÊ�Î.Ð ©«§y§ Ñ{Ò!Ó*Ë © © Ó �
• ° }�g � � f(x) = ax+ b ��b x u t �

S =

n
∑

i=1

(axi + b− yi)
2.

Å x umg/ilc!g � k!k s e zf�^z a � sv� k b � s } q ��e xZx�sR� k!} x e x eyklk sÁ��x uhgji*klkfehkfe s c |/| g t }�g � k=uyk*e t kfg.}�eyklk s
a � k b �

a =
nSxy − SxSy

nSxx − S2
x

b =
SySxx − SxSxy

nSxx − S2
x

,

� g.}h} z Sx =
∑

xi
� Sy =

∑

yi
� Sxx =

∑

x2
i

� k Sxy =
∑

xiyi � ¥
§h¨�©«ªf¬�ª �» kl} tlx �lc
� | k!} t�q�s i zf| gji*kfg/� x�x e�Ö
In[629]:= a = Table@8n, Prime@nD + Random@Integer , 8-2, 2<D<, 8n, 1, 10<D;

y = Fit@a, 81, x<, xD;
Show@ListPlot @aD, Plot@y, 8x, 1, 10<DD

Out[631]=
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• � c�}À�
k |/q ehk!k s c!umg � c s�t k q e�ehk t�q�|/tlx i�k{} q cluyk ����x u t g�e zlzls i*klk s f(x) = ax � k| k!} t!x ehk!k s �!cw� | kl} t�qVq�q
��x }�ehk!k s � ¥
§y§L©Õª à ªlå
• ­ c*i�g�e x e�eyk�i*k orq�swt ehgjc^i!clg ~�x uhg/k!k*eme x }h}hkEc |j| k � g s�t*z��Eq clemc!g s�x�s eykf�wk s }hk��
• ­ c*i�g�e q�t } x�s ����i�����e�e z ilc!g � klk s � � k ~ g�e z g.}�g t g s �Àkfuhi�gjc!g � k�emg | k!}�ehc |/| g.} x }�emg ��� z }m} zt�q uh}h}�g.}h}mkO}�g/gj� xZs{x g ~�qwq e q eyk��

æ½çOD-èLKMéLNZYVF;CßG�Q�D_WÀQLNZ]_F `aNMC\F;C

• b�k*eh� xZ� k*ehg/¸�k |/| kOc sws g/}�e qwq k s k | ����e�emg s�x�s ����e zl| �!g ��x�s uyk*e t kfg.} qVt�z e x i z }�ehg'�
n b q clemc�k

anx
n + an−1x

n−1 + . . .+ a1x+ a0 = 0

c |/x i�g |j| kX���!e zf| �lg |j|.z c s kfg s k n t k ~�~ k |/x e�eyk{� t c ��~�|jx�t }�g.}�eyk!� ��q�q umehkw� � c�} aic*i*k*e t c t c s kfg.} |/q�t�q*� k � k n ≤ 4 � ���!e zf| � |/|jx c s c |jx�� k!}m}hkVê Ó © ÒlÓfÎ.Ð�Ë!ÒlÓ!Ó ¬ Ó �
In[638]:= SolveA9x2 + 2 y + 1 � 0, x + y � 2=, 8x, y<E
Out[638]= 88y ® 1 - 2 ä, x ® 1 + 2 ä<, 8y ® 1 + 2 ä, x ® 1 - 2 ä<<

n » g s�x klkfuhg.}�g.kE����e zl| �!um��� � g z i!clg � klk s uyk*e t klg/}�ehk | g s�x klklumg.k |/�lx�ë uhk s^tlx g s c!g s �
Solve@8x + 2 y - 2 z � 1, -x + 2 y + 3 z � 2,

-2 y + 3 z � -1<, 8x, y, z<D
m =

1 2 -2
-1 2 3
0 -2 3

; b =

1
2

-1

;

LinearSolve @m, bD �� MatrixForm

Out[649]= ::x ® -
1

7
, y ®

5

7
, z ®

1

7
>>

Out[651]//MatrixForm=

- 1
7

5
7
1
7

• ��¤ k s�t k | k s��À� k |/| g.}�g |/|jx ����e zf| �lg |/|jx!��x }mg � � x = tanx � ilc!g � k!k sVx eh}mg zO| g t g �^zlz u z g �s�xZs uyk*e t klg/} q �ZìÁg/u � c!g�e x eyklk s ����e zf| � �Eq clemc�c s f(x) = 0 �Zì q���~ g t g s } xZq uyklk�i�g.}�eyk�Xx�s�x e xZ|/� g/}�e z²s c � klk � cl�wc s�t g s k |/t�q kfuhi�k q�t } x�xZs ����e zf| � s uhkfe t kfg.} q�|j|/x ��� zl�^z
kfuhi�k q }�i!clg � klk s�x eh}mg z i*kfg t�t k � uyklkfí
} x }�ehg �l|jq�t!xZ� k |/| k orq�s�t emg/c sVt�q i*klk � k!}�eyk � eykfgx � t*zOo ��}�g t klk | g.}�g |j| kXkfu �lq���xZs e x g |j| k��

• Ú xZî ehc s g s���xZswx e x�|j�^z �)� |/t c�c s x0 k |jt�q klumi*k q } � ey}Z� f(x0) c s gjeh} x g.}hkfuhilc | ehk!k s� � g x�|jx�|j|.zlzls � ~ g xZs g �
n ��g/gjuhu x e z!zfsVorq�s�t emg/c |/|/x ehk sw�lxZs ememg ~ g.}�e xZx } x�xZs (x0, f(x0)) �

y = f ′(x0)(x− x0) + f(x0)

ï



n » k!} t!x eyklk s ehk s��lx�s ehg sO� k x � k t } xZ| g sV|jx g t�t k q } ~ g.}�e x x1 �
x1 = x0 −

f(x0)

f ′(x0)

n ��g/gjuhu x e z!zfsdorqws�t emg/c |/|jx ehk s��lx�s ememg ~ g.}�e xZx } xZx�s (x1, f(x1)) ��| k!} t!x eyklk s eyk s���lx�s emg sO� k x � k t } xZ| g sV|/x g t�t k q } ~ g/}�e x x2
� ���Z�

n Ú z g s }hklk � klk s�� c s c ~ kfu xZ��~ g.kOklumi�g/clgjehk orq�s�t emg/c s{s c |j| k t cl� � k |j|/x �
x0, x1, x2, . . .

n�� c s c t kfe t kfg.}�ehklk s�~ g.}�e xZx }m} z xk
��t�qws f(xk) c s gjeh} x g.}hkfuhilc | ehk!k s uhgjgje�e z i zls~ g xZs g �

n�� c!} ~ g.}�e xZx } xZx�s (xi, f(xi)) ~ g/gjuhu x e�e��{eyk s��!xZs e�ehg´c sJ| g/g/k s�| clg/i*k � } xZq uyklk�i*k~ g.}�e x (xi+1, f(xi+1)) i!clg�c |/| k t k qwt k s kOehklu t kl}�ehkOuyk*e t klg/} q }�ehk��
n Ú x�î emc s g s{��xZswx e x�|j�^z�x gR} q�~w~
x�s�x�xZ~wzf� k*e t�q i qwq } t cl��ehk!k s �
n�� c!} orq�swt ehgjc |j| kLc s�~ kfg t k |/| g s�xZs^� g s g � g xZsws�xZs�s c |/| k t cl��eyklk � k |j� cluhg�e � gwilclg��zlz!��zX~ �l�luhg ��z!zfs e zf�^zfs\� g s g � g s � ��~wz umg |/|jx �
n�� c!} orq�s�t ehgjc�c s }mc ~ gji*k |/| kEeyk�i*k |/| k�}m� ����x ehumg s�x�s\s c |/| k t cl��eyk s }hkE} q ��e x�xZsR�

k |/� c!umgje � g)i!clg ��zlz!��zX~ �!�luhg �^z!zfs�s c |j| k t cl� � k s � ��~wz umg |j|/x �
n�¤ q c � �wÚ x�î emc s g s{��xZswx e x�|j�^z i*klkfemg/g orq�s�t emg/c sd��x umg/i*klkfehk sV| k!} t!xZ� g.} x�s

c = 880, 1<, 81, 0<, 80.5, 0.3<, 81.5, -0.1<<;
t = Interpolation @cD;
y = 0.4; H*alkuarvaus *L
g@0D = Graphics @8Line@88y, 0<, 8y, t@yD<<D,

Text@x0, 8y, -0.05<D<D;
Do@
q@iD = t'@yD Hz - yL + t@yD; H*z on muuttuja *L
y = z �. Flatten@Solve@q@iD � 0, zDD;
g@iD = Graphics @8Line@88y, 0<, 8y, t@yD<<D,

Text@xi, 8y, -0.05<D<D;,8i, 1, 3<D
Show@Plot@t@zD, 8z, 0, 1.2<, PlotStyle ® ThickD,
Table@Plot@q@iD, 8z, 0, 1.2<D, 8i, 1, 3<D,
Table@g@iD, 8i, 0, 3<D, Ticks ® NoneD

Out[699]=
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ð



• ñ zf| g s�~�q c | gje q } ��xZs�x e x�|j�^z ��� |/t c�c s [a, b] i zf| g �ò� c swt k ~wzlz e x�~ g/}�e x g/}h} z�orq�s�t ehgjc f}mk!k x uhg �Xx u t�t g.} x�s kfuhilc s � f(a)f(b) < 0 �!� |/x e x ehk!k sR��x e�e z f c s�� kfe t�q i*k �y� c |j| clg sc s c |/xZ� kl}h}mk x ∈ [a, b] � f(x) = 0 �
n » k!} t!x eyklk s�orq�s�t emg/c s klumi!cEi zf| g s{t!x } t g ~ g.}�e xZx }m} z�����x u t � x1 = a+b

2 �n�� c!} f(a) � k f(x1) c*i*k*e x uhg �Xx u t�t g.} x e ��orq�s�t emg/c |/| kVc s�s c |/| k t cl��eyk�i zf| g |/|.z
[a, x1] � � c!}Äehk!kl} f(b) � k f(x1) c*i�kfe x umg ��x u t�t g.} x e ��s c |/| k t c!��ehk�c s i zf| g |/|.z
[x1, b] �
� |jx e x ehklk s e z }h} zw��x eme z f(a)f(x1) < 0 �n b x u t � x2 = a+x1

2
�_| kl} tlx ehklk s f(x2) � k{i*k | g�eyklk s } x c�}mk�i zf| g � [a, x2] eykfg

[x2, x1] � �*� c s�t k ~
zlz e xZ~ g.}�e x g.}h} zEorq�s�t emg/c |/| k�c s\x uhg ��x u t�t g/} x e;kfuhilcle��n � q c | gje�eyk � k |/| k�eykfu t kl}�e xZ| ehk�i*kÀi zf| g � c t kÁkl} tlxZ|/xZx�|j| k � }hklk � klk s � c s c�kfuhi�gjc!g�eykorq�s�t ehgjc s\s c |/| k t cl� � k |/|jx �
x0, x1, x2, . . .� c t kfg s�xZs xi c s } xZ|/| klg/} xZs i zl| g s�t!x } t g ~ g.}�e xl��� c |j| k f i�klgj��eyklk �Xx u t�t g zlzfs_�� k � c swt k ~ gje qwq };c s (b− a)/2i−1

n�� c s c t k*e t klg/}�ehk!k s �'k |/� cluhgje � g ~wzlz e�e������ ��t�q�s eykfu t k!}�e xZ| ehk�i*k s i zl| g sX~ g�e q�q }c s eykfu ~
x�xZt }�g ~ g xZs g'�n ñ zl| g s�~�q c | g�e q } ��x�s�x e xZ|/��z\| �*��e zlz kfg s k � c t c s c |j| k t cl� � k s ehklg xZ~wzf� k*e t�q��
i q�q } t c!� � k s_� eh}���} x } q�~�~�xZs�x�x kfg s k �l�Eq e�ehkLc s ��gjehk!k ��~ g t�q g s Ú xZî emc s g s��xZs�x e x�|j�^z �n±° gRi*k!k � g ��x umg/i*klkfehk s\| kl} tlxZ� g.}�eyk��

c = 880, 1<, 81, -0.5<, 80.3, 0.5<, 80.7, -0.5<<;
t = Interpolation @cD;
a = 0.2; b = 0.9;H*alkuarvaukset a ja b*L
z = Ha + bL � 2;
g@0D = Graphics @8Text@"a", 8a, -0.1<D,

Line@88a, 0<, 8a, t@aD<<D<D;
g@1D = Graphics @8Text@"b", 8b, 0.1<D,

Line@88b, 0<, 8b, t@bD<<D<D;
g@2D = Graphics @8Text@x0, 8z, 0.1<D,

Line@88z, 0<, 8z, t@zD<<D<D;
Do@
If@t@zD > 0, a = z, b = zD;
z = Ha + bL � 2;
g@iD = Graphics @8Text@xi-2, 8z, -0.1<D,

Line@88z, 0<, 8z, t@zD<<D<D,8i, 3, 4<D
Show@Plot@t@xD, 8x, 0, 1<, PlotStyle -> ThickD,
Table@g@iD, 8i, 0, 4<D, Axes ® True, Ticks ® NoneD

Out[620]=
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• ñ zf| g s�~�q c | gje q } ��xZs�x e x�|j�^zlz�t*z ��e x e zlzlsO� �l�!� xZ��� g s u xZq�s k � klumi!c ~ uhc ëw|jx�xZ� c ��x�suhkfe t kfg.} x�� g/} x }h}mkw� ­�x }mc ~ gjgR����i�g s\� c s�x�xZs c s��!xZ|/� klk s �

¯!¯



¼½N�ôJF=G�F;COD-NZQLQLKMN�õ^çOD-èLKZéÁD

• bdc s g.k |jq c s�s c s g |/� gj�!g�e zXt�q i�k!k � c s�t g s�| klg swxZs{� g�ö x u xZs ehg/k!k | gj����e zl| �
n È k � gjc�k t emg/g/i�g s�x�s �wk � c!k � g s�x�s �

dN

dt
= −λN

È kfe t kfg.} q c sLxZt } ~ c s�xZs ehg/k!k | g/} x }�emg*i z � xZs�x i z;orq�s�t emg/cw� ¤ k � c!k � g.} s c ~�xZqw��x�s�^zlz u z!z�¨ ÓÕ÷ZÌòÓ à Î.Ð ¬ Ó�ÒfÎÃÌ λ �
n Ú x�î emc s g s{| gjg tlx ���!e zf| �fe ��x }mg � ���wklu � c s g s�x�s c�} t g |j| klkfe�ehcluhg'�

m
d2x

dt2
= −kx−mγ

dx

dt

� zf�^zls uhkfe t kfg.} q c s i*kfg ��xZs�x i�k!k^i z u z ��e x�| � z �w�-clg s�x�s�x }mg ��x u t�t g'��b�klk si x emc*i!clg � k s k | kfg.} q�qw��x }m}hk | g/g t�t�q i*k t k ~�~ k |jx!��� c t k t c t!xZx i zl| g.kfg s�x�xZs i�k!} �e qwt } xZs �
mr

′′(t) = −G mM

|r(t)|3 r(t) − γ|r′(t)|r′(t)

� zf�^z i*kl}�ehk!k t c |/��x k t �!e tlx e�e�� z�� gjö x u xZs emg.klk | g/���!e zf| � z � x(t) � |j|/xl� y(t) � |j|/x� k z(t) � |j|/x �M�
n ìÁg/uh¸y���wcfø s�| kfgje;i�g/umehk ~ gjg/u x g/}h} z i!clg � klk s��Eq clemc!g |/| k � gjö x u x�s emg.klk | g/����e zf| �lg ���x�s k�i q�|/| k�� ° }mg � � » È �«~ gjg/uhg'�

L
dI

dt
+RI = V (t)

� c!} ~ g/gjuhg.}m} z c sJt�z!zf� g � k t c sw��x�s }mk!k*ememcluhg � }mg |j|/x^t gju � clgje x e�e q ìÁg/uh¸y�w��cfø s| k t g �Eq g.}�e q emehklk�����i�g s\~ k | � c s �wklu � c s g/} xZs c!} t g |/| klk*ememc!umg s�| gjg tlx ����e zf| � z �
n±°�| gj� ~ c ~�q�| klkfemg/clg ��xZs\t g |/~ kfg |/q

{

dN1

dt
= N1(α− βN2)

dN2

dt
= N2(γ − εN1)

� z }h} z¢t k t }mg ~ c ~�qw| k!k*emg/cfeykÁ�Ã} q�q u q�qw��x e N1(t) � k N2(t) � t g |/~ kfg |/x i*k*e_}hk � k s� ��~wz uhg/}�em� s u x } q uy}m} x g.}�eyk����_c!g/} xZsº~ c ~�q�| klkfemg/c s�t k!}�i q i*klu � c�}�eyklkdehclg.} x�s��xZs�x }�e�� � g.}�e z �
n ì¢i�k s e�emg ��xZt klk s g.} x evehc ��xZs�s
zft �!g/}m����} � k t k q�� k*eò�

h̄2

2m

d2ψ

dx2
+ V (x)ψ = Eψ

� zf�^z c s�x }�g ��x u t�t g � g�ö x u xZs emg.klk | g/����e zf| �!}�e zw� � c |/| k=c s Ì à ÎØÑ�Ó*Î.ÐZÓ ê ¬ Ì �òÉ��!e zf| � suyk*e t klg/} q�s kX}mk!k � k!k s c � g s kfg.}mklumi!c E � k�}�gje z i*kl}�ehk!k�i�k orq�s�t ehgjc ψ(x) �
ù�ú û´ü�ývý=þ�þ�ÿ�ú��_ú��wû-þ���û´ÿ��	�

• É t }�g s�t!x umehkfg.}�e xZs �r� |/xZx�s } z ÍÏÎØÑ § ÓlÓ ê Î.Ð ©«§ Ñ � � gjö x u x�s emg.klk | g/����e zf| �lg ��xZs k s k | ����e�ehg �s�xZs uhkfe t kfg.} q ��c!g�e q�q b�k*eh� xZ� kfemg.¸Zk |/| k t*z e x i z }�emg �
¯�·



In[86]:= p = DSolveAy''@xD + y'@xD � -2 x2, y@xD, xE
q = DSolve@8x'@tD + y@tD � a Exp@-tD,

y'@tD + x@tD � b Exp@-tD, x@0D � 0, y@0D � 0<,8x@tD, y@tD<, tD
r = 8a ® 1, b ® 2<;
Plot@Evaluate @8x@tD, y@tD< �. q �. rD, 8t, -1, 3<D

Out[86]= ::y@xD ® -4 x + 2 x2 -
2 x3

3
- ã-x C@1D + C@2D>>

Out[87]= ::x@tD ®
1

4
ã-t I-a + b + a ã2 t - b ã2 t + 2 a t + 2 b tM,

y@tD ® -
1

4
ã-t I-a + b + a ã2 t - b ã2 t - 2 a t - 2 b tM>>

Out[89]=
-1 1 2 3

-4

-2

2

4

• � c�} � g�ö x u xZs ehg/k!k | gj����e zl| ��}m} z�x }�g/g s e���� n � s�s�x�sptlx u�eyk |/q i q�s:��x uhgji*klkfe�ehc � k � } x�s� |/x g.} x }h} z uhkfe t kfg.} q }m}hkEc s n i*k t gjclehkw��Ú zf�^z i*k t gjcle;ilclg � k!k s��^zlz u z e z ê § Ë�Ñ�Ó §Zá¨�× ÌfÎØÍØÍjÓ �
• ¤ kfu � clgje qwt }mg.}m}hk x }�g ��x u t�t!x���z �


 �����
�
�wÿmú��_ú���û�þ��-û´ÿ����

• Å�gjö x u x�s emg.klk | g/����e zf| �lg ��xZs�s�q���xZx uhg.} x�xZs uhkfe t kfg.} qwq�s c sÁ� c s g.k �Xx�s�x e xZ|/� g z ��� z }h} zt�q uh}h}�g.}h}mk x g t*z � �wz�� gje z!zfsds g/g.}�e z^t c*i�g s eykfu t kl}�emg |.zf~ g � ° }�gje x�|j|.zlzlsds gjg.}�e z^x u z }� xZ|/~�~ cfehk ��q g s�xZsO� k�� |jx g/} x }�emg t*z ��e x e�e��l�
• � Î � § ê § Ñ�ÐyÐ�Î à § Ñ §Z©Õ§ Í à ª ÐyÐ ª{� gjö x u x�s emg.klk | g/����e zf| �!}h} z�x }�g/g s e���i z e ��x uhgji*k!k*ehkfe t clu �i�kfehk!k s�| g t g �^zlz u z g/}mg |j|.zÄx umcle q }mc!}hk �^z!z uhg |/|/z � t }�� t k ~�~ k |jx���x uhgji!clg s�s g.}�eyk!���M��kfu t kl}�e x�|��| k!k s�x }�g ��x u t g t }mg)�wkfu � c s g.} x�s c�} t g |j| klkfe�emc!umg s�| g/g t!x ����e zf| � z �

d2x(t)

dt2
+ γ

dx(t)

dt
+ ω2x(t) = 0, � Û �

� g.}h} z ω2 = k/m �

¯ ¶
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• �-klu t kl}�e x�|j| klk s ����e zf| � s � Û �\uhkfe t kfg.} x�� g/}�ehk Ó*Í ÒfËwÓ ê ¬ ÌhÊ ê Ì,+ZÍ §y§ à ÓfÑ�Ó � eh}�� c |jx e xM�ehklk sR��x eme z }m��}�e x�xZ� g s ehg | k s�swx � ~ kfg t�t k � k s c ~
x�q }y��k |/q }m}hk�c s e q�s�swx e�e qR� ey}Z�
x(t0) � k x′(t0) c s e qws�s�x eme q �

• b q c � c!}�e x ehk!k s ����e zl| �d� Û � ~ g.}�e x g.}m} z ti � i = 1, . . . �
d2x(t)

dt2

∣

∣

∣

∣

t=ti

+ γ
dx(t)

dt

∣

∣

∣

∣

t=ti

+ ω2x(ti) = 0.

­ g � c!g�e x eyklk s e z � zfs ����e zl| ��� s¡��x uhgji*klkfe�ehc ��xZs k ~�~ uhc t }mg � k!k*emg/cfeL����e zl| �!g/}�e z � · �� k\� ¶ �M�
xi+1 − 2xi + xi−1

h2
+ γ

xi+1 − xi−1

2h
+ ω2xi = 0, � Ü �

� g.}h} z i = 1, . . . �
• ÉÀ��e zl| ��� Ü �Lc s ����e zl| � s � Û � × Î.ÐmÒ ê §M©ÕÔ Î © Ù i x uh}mgjc � eh}�� � gjö x u x�s ehg/k!k | gj����e zl| � z � Û �i�k!}�eyklk�i*k × Î � § ê § ÑwÐyÐyÎØÙ ¨�©«ª Í Ô �
• ÉÀ��e zl| ��}�e z � Ü �vilc!g � klk s uhkfe t kfg.}�ehk xi+1 xi � sO� k xi−1 � s\orq�s�t emg/c s kw�

(1 − γh

2
)xi−1 + (ω2h2 − 2)xi + (1 +

γh

2
)xi+1 = 0,

� c!}�ehk
xi+1 =

1

1 + γh

2

(

(2 − ω2h2)xi + (
γh

2
− 1)xi−1

)

��} t g |j| klkfe�emc!umg s�~ kfg t�t k\� x e tlx�|j|.z ti+1
�^zlz u z ��e����{}mg/g/}L} xZs²~ klg t clg.}�eyk t kl� ��xZ|/| kkfg t klg/} xZ��� k |/| kÀ� x e t!xZ|/|/z ti � k ti−1 � � cle�ehk�����e zl| ��i!clg � klk s uyk*e t klg/}�ehk � c!} t g |/| k!k*e �emcluhg sV~ klg t�t kXc s e q�sws�x emehk�i*k ÒlÓ ¨�×l§ ÍØÍjÓ xZs }�g ����z g/} xZ|/|.z k � k s � x e t!xZ|/|/z �

• É |/x g.} x��X� g s � � c�}�����e zf| �!}h} zµx }mgjg s e���� n � sws�xZs±t!x umehk |jq i q�s±��x uhgji*klkfe�ehc � k � } xehkfuhi�g�ey} x�x u xZqws k x �!ehclg s k xi � s kfuhilcle n ~ g.}�e xZx }m} z �
• ³ } x g s k |jt�q�x ��emc s k\k s�s�x ehklk s²t k ~�~ k |jx�xZs²~ kfg t�t k � k s c ~�xZq }Ok |/t�q � x e tlx�|j|.z�� ey}Z�
x1

� k x′(t1) �
� zf|/| �!g s ilc!g � k!k sVx }mg ��x u t g t }mg)k ~�~ uhc t }mg � c!g � k
x′(t1) ≈

x2 − x1

h
,

� c!}�ehk�}mk!k � k!k s x2 ≈ x1 + x′(t1)h �

¯ Â



In[62]:= n = 50; t@1D = 0; t@nD = 4 Π; h =
t@nD - t@1D

n - 1
;

Do@t@iD = t@1D + Hi - 1L h, 8i, 2, n - 1<D
Γ = 0.1; Ω = 1; x0 = 1; dx0 = 0;
x@1D = x0; x@2D = x@1D + dx0 h;

DoBx@iD =
1

1 + Γ h
2

 I2 - Ω2 h2M x@i - 1D +
Γ h

2
- 1  x@i - 2D ,

8i, 3, n<F
Φ@r_D = y@rD �. FlattenADSolveA9y''@rD + Γ y'@rD + Ω2 y@rD � 0, y@0D � 1, y'@0D � 0=,

y@rD, rEE;
Show@ListPlot @Table@8t@iD, x@iD<, 8i, n<DD,
Plot@Φ@rD, 8r, 0, t@nD<DD

Out[68]=
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• � c�} ~ uhc ë�|/xZx�� k s u xZq�s k x � � cfe t c!} tlx i�kfe orq�s�t ehgjc s t*z ��e�e z ��e�� � g/}�e z²t kl� ��x }h}hk�rilc!g
c |j| k q } x k ��~ g t g sV~ g/}�e x!���Eq emehkXuyk � clgje q ehklk s e z }m} zEt kl�!e xZx�s � x umg ~ g.}�e xZx }m} z��x���x�|j|.zÁx }mg�e x eme��Xuyk*e t kfg.} q���x�s�x e xZ|/��zÁx g�ehclg � g � }�g |j|.z k |/t�q�x � � clg.}�eyk x g�}mk!k � kÁ} q c �uhk!k s uyk*e t kfg.}�e q k orqws�t emg/c s kfuhilc�k � g/}h} zlzfs\~ g.}�e xZx }m} z �
• ° u z }\ehk ~ kµc s kfuhi*k*ehkºuyk*e t klg/} q:xZs }mg ���^z g.} x }h} z¹~ g.}�e xZx }h} z��´� k t k*ey}�c�k t�q g s��t k ~ k | � c s klumi*kfe�e q uhkfe t kfg.} qd~ clg t�tlx klk��wk |jq e q }�ehk�u xZqws k � kfuhilc�}�eykLehclg.} x }m}hk ~ g.} �e xZx }m} z �M� zl�^zfsÁ~ c!g t�t!x k � k sÀ�Oq�t klk s ��g/cfeyklk s klumi*k q }�eyk��f� s }Z� Ð ¨ Ì�Ì © ÎØÑ	; à §Z©r¨ Ì × �
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In[873]:= p = DSolveA9y''@xD + y'@xD � -2 x2, y@0D � 0=,
y@xD, xE �� Flatten

Out[873]= :y@xD ® -
1

3
ã-x I12 ãx x - 6 ãx x2 + 2 ãx x3 + 3 C@2D - 3 ãx C@2DM>

In[874]:= H* Yllä annettiin 1. reunaehto , y@0D�0, joka määrää
yleisest ä ratkaisusta vakion C@1D. Olkoon
toinen reunaehto y@2D�1. Yritetään etsiä vakio C@2D
niin että tuo ehto toteutuu *LH* Etsitään C@2D välinpuolitusmenetelm ällä. Se vaatii

kaksi alkuarvausta , joista toinen antaa y@2D<1 ja
toinen y@2D>1 *LH*1. arvaus: C@2D=6*L

n = 1; a = 6; q@nD@x_D = y@xD �. p �. C@2D ® a;
q@nD@2D �� N
g@nD = Plot@q@nD@xD, 8x, -0.2, 2.2<, PlotRange ® All,

PlotStyle ® 8Hue@n � 7D<D;H*2. arvaus: C@2D=8*L
n++; b = 8; q@nD@x_D = y@xD �. p �. C@2D ® b ;
q@nD@2D �� N
g@nD = Plot@q@nD@xD, 8x, -0.2, 2.2<, PlotRange ® All,

PlotStyle ® 8Hue@n � 7D<D;
Out[875]= -0.145345

Out[878]= 1.58398

In[880]:= H* Hiotaan arvausta välinpuolitusmenetelm ällä *L
c = Ha + bL � 2;
Do@

q@nD@x_D = y@xD �. p �. C@2D ® c;
If@q@nD@2D > 1, b = c, a = cD;
c = Ha + bL � 2;
g@nD = Plot@q@nD@xD, 8x, -0.2, 2.2<, PlotRange ® All,

PlotStyle ® 8Hue@n � 7D<D, 8n, 3, 6<D;
In[882]:= Show@Table@g@iD, 8i, 5<D, Graphics @Point@82, 1<DD,

Graphics @Text@"y@2D==1", 82.15, 1<DDD

Out[882]=
y@2D==1
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• � c�}Lu xZq�s k ~ g.}�e xZx eOc*i�kfe � �wk s�t k | g.k ���_x }�g � ��}mg sw�lq�| klklumg.}�g.k ~ g.}�e x gje z � s g � gje�e z*��zlss c |/| k t c!�!eyk¢e � }Z� � � eykfglu xZqws k x �!ehclg s k;k sws�x eyklk sÁorqws�t emg/c s Ó*ÐyÙ à Ê © ÌòÌ © © ÎØÑ § ÑOÒ ª Ù © á©«ª Ù © Ù à ÎØÑ § Ñ x }mg � � zlz u x e�em� � ��� ��x }h} z ehklgfcluhg � c!}h}hk �yx g xò��xZ|/|.z=t�q i�kfe�e q��Xx�s�x e xZ|/�^z
i zl| eme zl��z e�e z c |/|jx�s�t klk s emc!g � g �Z�´kfu xZ��~ g�eyk ~ k=c sÁ|jq c � k=��uhg�e xMorq�swt ehgjcle t�q���~ klk s�t g su x�q�s k ~ g/}�e x�x } xZxZsVx uhg t } xZx�sE� k^}mc*i�g�emehklk swzl��z klumi*k qwt } x e=����e xZx�sX� c!}h}mklg s i zf| g ~��
g/}�e x�x }h} z �

• � zf|/| klg/}mg/kE���!e zf| �lgje zOt k s�s kfe�eyklkEe q e t g.k�k s k | ����e�ehg/} x }�emg ��x }mg � ��}hkfu � k t!x ��gje x�|j� g xZsk�i qw|j| k��
• � |jt c�c s ����e zl| � �Eq clemc�k

y′′(r) + 2
y(r)

r
− y(r) = 0 � ä �

� k�u xZq�s k x ��ehclg s k�k sws�x eyklk s_�
x e�e z y(0) = 0 � k y(10) = 10−4 ��b q c � c!}�e x ehklk s����e zf| � z � ä �¢i*kl}�ehk!k�i*k � gjö x u xZs }h}�g/����e zf| �w�
yi+1 − 2yi + yi−1

h2
+

(

2

ri
− 1

)

yi = 0, � ï �
eh}��

yi+1 =

(

h2 + 2 − 2h2

ri

)

yi − yi−1, � ð �
� g.}h} z yi = y(ri) � k 0 ≤ ri ≤ 10 �fÈ xZq�s k x � � clg.}�eykÀ}hklk � klk s }mgjg.} y1 = 0 � k yn =
10−4 � � c�}¢klumi*k*eyklk s y � s���x umg/i*klkfehk s kfuhilc ~ g.}�e xZx }m} z r1 � eh}���kfuhi�kfehk!k s�orq�s�t ehgjc skfuhilc ~ g/}�e x�x }h} z r2 ��� k |/z � ��x e zlzls }mc*i x�| eyk � klk s ���!e zf| � z � ð � �´x g�i zl| eme zl��z e�e zt c!} t klk s�~wzlz }�e z emclg.} xZxZs u xZq�s k x ��emc�c s �
In[482]:= n = 201; r@1D = 0.0; r@nD = 10.0; h =

r@nD - r@1D
n - 1

;

Do@r@iD = r@1D + Hi - 1L h, 8i, 2, n - 1<D
y@1D = 0.0;
a = 0.1;
y@2D = a;

DoBy@iD = h2 + 2 -
2 h2

r@i - 1D  y@i - 1D - y@i - 2D, 8i, 3, n<F
ListPlot @Table@8r@iD, y@iD<, 8i, 1, n<DDH*a:ta vaihtamalla kuvaajan skaala muuttuu ,
muoto pysyy samana*L

Out[488]=
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• É |/|/zXx }mgje x eme���uyk*e t klg/} q i!clg.}�g)c s�s g.}�e q k t g sV~ kfu xZ��� k |/| kOu x }�c |jqwq emg/c |/| kw�
• �_c!g/} xZx�s } q�qws eyklk s uhkfe t kfg.} q }hklk � klk s c s�s g.}�e q�� klk s^t c!�!e q�q ����i�g s �re z }h} z�t*z i�ge q�q uhgØ�

In[602]:= n = 201; r@1D = 0.0; r@nD = 10.0; h =
r@nD - r@1D

n - 1
;

Do@r@iD = r@1D + Hi - 1L h, 8i, 2, n - 1<D
y@nD = 10.0-4;

b = 2 * 10-4;
y@n - 1D = b;

DoBy@iD = h2 + 2 -
2 h2

r@i + 1D  y@i + 1D - y@i + 2D,
8i, n - 2, 1, -1<F

ListPlot @Table@8r@iD, y@iD<, 8i, 1, n<DD

Out[608]=
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• ��klu x���~ g_uyk*e t klg/} q }hklk � klk s klumi*klk � k |/| k orq�s�t ehgjc s�t*z �!eme z ��e�� � g s�x�sdt�q���� k!} �}mk t g s u xZq�s k ~ g.}�e xZx }h} z�� ey}Z�=kfuhi*klk � k |j| k orq�s�t ehgjc s kfuhilcle y2 � k yn−1 � » z � ��xM�
e zlzls uyk*e t kfg.} x�� k!k s ����e zl| � z � ð � |.z ��emg xZs�t�q���� k | ehk t g s u x�q�s k | ehk � k�}mc*i�gje x ehk!k suhkfe t kfg.} q e_���!e xZx�s � c!}h}hk t g s i zl| g ~ g.}�e xZx }h} z��ò�Xx u t � rm ��ì�c!�!ehg!c!umg � c�k t�q�| ��x e�eyk x }h}hk����e zf| �!}�e z � ð �Äe z �!e�����uyk*e t kfg.}�eyk yi−1 yi � sE� k yi+1 � s\orq�swt ehgjc s k��

yi−1 =

(

h2 + 2 − 2h2

ri

)

yi − yi+1, � ¯�ó �

¯òï



H* merkitään r@mD:llä sovituspistett ä *L
m = 30; y@1D = 0.0; a1 = 0.09; y@2D = a1;

DoBy@iD = h2 + 2 -
2 h2

r@i - 1D  y@i - 1D - y@i - 2D,
8i, 3, m<F;

y@nD = 10.0-4; b1 = 1.7 * 10-4; y@n - 1D = b1;

DoBy@iD = h2 + 2 -
2 h2

r@i - 1D  y@i + 1D - y@i + 2D,
8i, n - 2, m + 1, -1<F;

Show@ListPlot @Table@8r@iD, y@iD<, 8i, 1, n<DD,
Graphics @Line@88r@mD, 0<, 8r@mD, y@mD<<DD,
PlotRange ® AllDH* a1:n ja b1:n arvoja muuttelemalla funktiosta

saadaan Hannetun resoluution rajoissa L jatkuva
ja derivoituva *LH* huom. funktion arvojen absoluuttista suuruutta

ei tiedetä -- sitä varten täytyisi olla lisäehtoja,
esim. funktion integraalille yli tarkasteltavan
välin*L

Out[481]=
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• ¤ kfu � clgje qwt }mg.}m}hk t*z ��e x e z!zfsÁ� g�ö x u xZs }m}mg ��x�s�x e xZ|/��zlsÁ| g.} zlt }�glb�k*em� xZ� k*ehg/¸�k s i*k |/� g.}�ehkorq�s�t emg/cfeyk=<	>�?	@�ACB�D ��� c s�t k�k�i q�|j| kXu x }�c |jqwq emg/c � c s��!xZ|/� g | ehkEi zl| e���e zlzfs �
EF)G2�0$��2�3����7�: :"��% :&$�H(	(�)G�

• ° }�g ��x u t�t g swz=� gjö x u x�s emg.klk | g/����e zf| �!}�e z�� � c |j| k=c s c � g s kfg.}hkfuhilc � eykfu t k!}�e xZ|/| k!k sÀt i*k s e �emg �Xx�t klk s g/}�ehk ­ ¸y��uh� � g s��lx umg s ����e zl| � z��
− h̄2

2m
∇ψ(r) + V (r)ψ(r) = Eψ(r)

� zf�^zfs ����e zl| � s uhkfe t kfg.} qws k¡}hklk � klk s Ó!Ó*Í © Ì ã Ë�Ñ�Ò © ÎÃÌ ψ � k x�s�x u � g.k E �=ñ x e�� �
k*emc � g sÁxZ|/xZt ehumc s g/k t�q i*k!k ­ ¸y��uh� � g s��!x uhg s ����e zl| �L� x uhg t clg.}�eyk ~ k q }��lc
�Z����e zf| �!}�e z �

−y′′(r) − 2

r
y(r) = Ey(r), � ¯!¯ �

¯òð



� g.}h} z r c s²~ k |/| c t c�clu � g s klkfemg.}�ehc s uyk � g/k!k | g �Oq�q e�e q*� k � r ≥ 0 �R� z }h} z�~ cfe xZs emg �klk | g)c s }mgjg.} xZ|/xZt emuhc s g sO� k ~ uhcfemc s g s } z � t �lg.} x }�e z i q c!umc*i*klg t�q e q�t } x }�eyk � cl��e q i*kI c q�| c �Oë g sÆ~ cfe xZs emg.klk | g �
� c t k�c s�t*zlzls e zfx�s i x uhuyk s�s c |j| g s�xZs i*kfuyk*eme q*��x�s�t k ~��~ k |/x g ��xZs\x e z g.}�����e x�xZs �
• °�|jx�t emuhc s g.k t�q i*klk�i*k�klk | ehc orq�swt ehgjc^c s ψ(r) = y(r)/r � k�}mgjgje z i!clg � klk s{| k!} t!x kxZ|/xZt emuhc s g s ehc ��xZs�s
zft �!g/}m����} � k t k q�� kL��emg ��xZs � ��~wz uhg |/|.z �
• ¤ q c � ������e zl| �d� ä �vc s\x uhg t clg.}�ehk ~ k q }¢���!e zf| �!}�e z � ¯!¯ �
• J�k | emc orq�s�t emg/c s k!}�� ��~ ehc�cle�ehg/} xZ|/|jx�t�z ��eme z ��e�� � g.} xZ|/|jx i!clg � klk sÀ� c!��ehklk�} xZq uhk!k�i�kfex � � cleL� t*z � ��zlzls eykfu tlxZ��� g s�|.zf~ g t i*k s ememg �Xx�t k s g/g t k sVt�q uy}m} x g.}h}mk����

k!� |.z � x�|j|.z cluhg � c!k y t*z �!eme z ��e���� t�q e x�s c1rë � t k q�t k s k²cluhg � c!}�ehkº� z!z u x e�eh� � ��� ��x }m} z � y t*z ��e�e z �!e���� t�q e xZs c2e
−
√
−Er

�r� q c � �lc � g s kfg.}hkfuhilc E c s�s�x�� k*ehgjg/i�g swxZsLK e zl�^z=� cl��e qwq I c q�| c �Oë g s^~ c �e x�s emg.klk | g sVs c |j| k*eykl}mc s i�k | g s�s k!}�eyk!�n�¤ q c � � s�qw�Xx�x uhg/}mg.}m}hk�uhkfe t kfg.} q g/}h}hk x g�ilc!g � k �Xx�s�swz\zlz u x e�em� � ����e x�xZsR�*� kcluhg � c�c s e z }m} z ehk ~ k qwt } x }h}hkO}mg sw�lq�| klklumg s�xZs\~ g.}�e xl�l� cfe x�s �lc
��u x�q�s k x � � cleilc!g � klk s e q�|/t g�eykÆ}�gje x�sR�´x eme z y(r0) = c1r0 �´� g/}h} z r0 c s�� c t g sÆ��~ g xZs g ��Eqwq e�e q*� k s klumi!c ��� k y(r∞) = c2e
−
√
−Er∞ �w� g.}h} z r∞ c s�� } qwq umg � �

• ñ�k t gjcle c1 � k c2 �^zlz u z ��e���i z e Ñ�Ì ê�à Î © Ë!Ò*Ð § Ð © Ó � t }�� � �l�!� xZ��� g s �
• Ú zf�^z u xZq�s k x � � cfe �^zlz u z!z i z e t*z ��e zls�s ��}m} z�orqws�t emg/c s kfuhilc s ÷ZÓ�Ð § Ñ ×l§ ê Î ¬ ÓlÓ © Ó*ÑÓ ê ¬ Ì*Ñ t kl� ��x }m}hk ~ g.}�e xZx }h} z �*É |jx g/} x }�emgwe zf|/| kfg.} x�|j| k ~ uhc ë�|/xZx�� k |j| k x g
c |/x uhkfe t kfg.} q k� s�x�| ��zXx ��ehc!k · ��k!}�e xZxZs{� gjö x u x�s emg.klk | g/����e zf| � |/|jx ���
• È k*e t klg/} q*� k^c s c |jx�� k!}m}hk ¬ Ó*ÎØÑ © Î §M© Ù*ÎØÍØÍ ªNM�× Î.ÐmÒ ê §y§M©Õ§ ÎØÍØÍ ªPO ÊwÓ ê Ó à §Z© ê ÎØÑ E Ó ê ¬ Ì*ÎØÍ áÍjÓ ��Ú g/g�e z E � s kfuhilc � k ��� clg |j|/x uyk*e t klg/} q*� kXc s c |jx�� kl}h}mk ��t�q eh} q ehk!k s{~ uhc ë�|/xZx�� k sÌ à ÎØÑ�Ó*Î.ÐZÓ ê ¬ ÌfÎjÒ�Ð�Î �
• ��umc ë�|/xZxZ� k s uyk*e t klg/} q�x e xZswxZx } x�q uyklk�i*kl}�emg=�ri�ume�� t kf� ��xZsJ~ g/}�e x�xZs u x�q�s k � klumi!c �~ umc ë�|/xZxZ� k s uyk*e t klg/} q ���
• � k x ehk!k s ehklu t k!}�e xZ| ehk�i*k^i zf| g t kl�!ehg/kw� I0 = [r0, ri] � I∞ = [ri, r∞] ��� g.}m} z ri c s� }mc ~ g/i*kl}�emg�i*k | g�eme q�� ÐZÌ ¬ Î © Ë�Ð Ê�Î.Ð ©Õ§
• QÀê ¬ Ó © Ó!Ó*Ñ E R ÍØÍ § ÷ZÌòÒ*ÎØÑ²Ó ê ¬ Ì
• È k*e t klg/}�ehk!k s ���!e zf| �¡� ¯!¯ �Ák |/q�x�x }h}mk I0 |.z ��ehg x�s u x�q�s k x � � c�}�eyk\k�� ��� k�k |/q�xZx }m}hk
I∞ |.z ��ehg x�s u xZq�s k x � � clg.}�eyk ë ���
b x u t gje z!zfs uhkfe t kfg.} qf� k y0 � k y∞ �

• � c�}Euyk*e t klg/} q�orq�swt ehgjcle y0 � k y∞ }mc ~ g/i*k*eO����e x�xZs¹~ g/}�e x�x }h} z ri �´t ��} x g s�x�s E � skfuhilcLehc ��xZ|/| k t g s c s ����e zf| � s c � g s kfg.}hkfuhilcw�
n £ qws�t emg/cfe � }mc ~ g/i*k*e�����e x�xZs����Z� c�} orq�swt ehgjc!g ��xZs klumi!cfe ÷ZÓXÑ
ÎØÎ ×l§ Ñ ×l§ ê Î ¬ Ó!Ó © © Ì á÷ § ÑJÓ ê ¬ Ì © e z } ��z!z i z e ~ g/}�e x�x }h} z r1 �n � zf�^zXx ��ehcXi!clg � klk s��Oq cfehclg |j| k�} x�q uhk!k�i*kl}�emg �

y′0(ri)

y0(ri)
=
y′∞(ri)

y∞(ri)
,

� g t*z�� kl� � c |/| g/}�ehk!k�} x�sR�lx e�e zLxZ� �li*k t g/cfe c1 � k c2 i!clg � klk s i�k | gjehk � g xZ| g/i �
k | ehklg/} x }�emg�uyk*e t kfg.} q�s k |/q }h}mkw�f�_c!g swxZs�s g/g/}�e z��^zlz u z ��e���� orq�s�t emg/c s y � k*e t�q��
i q�q } x � � c!}�ehk ��� kOehclg s�xZs{| c ~�q�t }mg s clu � g�e q�t } x }�eyk��

·ló



• � c�} y0 � k y∞ § Î ¬�ªf© ÐZÌ ¬ Î�Ù ¨�©Õ§h§ Ñ � kfuhi*k*eyklk sÁq�q }�g E � s kfuhilc � k�uhkfe t kfg.}�ehklk s ����e zf| �q�qw��x�|j|/xZx�s ��� � g s kfg.}hkfuhilc sXx ey}�g � g swxZs i!clg � klk s ehcfe xZq emehklk x }mg � ��i zl| g s�~�q c | g�e q } ��Xx�s�x e xZ|/�^zf|/|/z �
n � � g s kfg.}mklumi!c s�x eh}mg � g s�xZs ilc!g � klk s e q�|/t g�eyk orq�s�t emg/c s

∆(E) =
y′0(ri)

y0(ri)
− y′∞(ri)

y∞(ri)

s c |j| k t cl� � k sÀx eh}mg � g.} x�t }�g �Zb�kfem� x�� kfemg.¸Zk |j| kvc sÁt*z e x i z=s g ~wq e�eyklk=uyk*e t klg/} q�~ uhc!} �x }h}mg orq�s�t emg/c t }mg'�
In[735]:= Ε1 = -0.9;

q0 = Flatten@NDSolve@8eq �. Ε ® Ε1,
y@r0D � f0@r0D, y'@r0D � f0'@r0D<,

y@rD, 8r, r0, ri<DD;
y0@r_D = y@rD �. q0;
q¥ = Flatten@NDSolve@8eq �. Ε ® Ε1,

y@r¥D � f¥@r¥D �. Ε ® Ε1, y'@r¥D � f¥'@r¥D �. Ε ® Ε1<,
y@rD, 8r, ri, r¥<DD;

y¥@r_D = y@rD �. q¥;

ShowBPlot@y0@rD, 8r, r0, ri<D,H*skaalataan y¥@rD, jotta kuvaaja olisi
havainnollisempi *L

PlotB y0@riD
y¥@riD  y¥@rD, 8r, ri, r¥<F,

PlotRange ® All, AxesOrigin ® 80, 0<F
PrintB"DHΕ1L = ",

y0'@riD
y0@riD -

y¥'@riD
y¥@riD F

Out[740]=
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DHΕ1L = -0.381443
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In[756]:= Ε2 = -1.2;
y0@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε2,

y@r0D � f0@r0D, y'@r0D � f0'@r0D<,
y@rD, 8r, r0, ri<DD;

y¥@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε2,
y@r¥D � f¥@r¥D �. Ε ® Ε2, y'@r¥D � f¥'@r¥D �. Ε ® Ε2<,

y@rD, 8r, ri, r¥<DD;
ShowBPlot@y0@rD, 8r, r0, ri<D,
PlotB y0@riD

y¥@riD  y¥@rD, 8r, ri, r¥<F,
PlotRange ® All, AxesOrigin ® 80, 0<F

PrintB"DHΕ2L = ",
y0'@riD
y0@riD -

y¥'@riD
y¥@riD F

Out[759]=
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DHΕ2L = 0.57066

In[742]:= D@e_D := ModuleB8<,
q0 = Flatten@NDSolve@8eq �. Ε ® e,

y@r0D � f0@r0D, y'@r0D � f0'@r0D<,
y@rD, 8r, r0, ri<DD;

y0@r_D = y@rD �. q0;
q¥ = Flatten@NDSolve@8eq �. Ε ® e,

y@r¥D � f¥@r¥D �. Ε ® e, y'@r¥D � f¥'@r¥D �. Ε ® e<,
y@rD, 8r, ri, r¥<DD;

y¥@r_D = y@rD �. q¥;

y0'@riD
y0@riD -

y¥'@riD
y¥@riD F

In[761]:= D@-0.9D
D@-1.2D

Out[761]= -0.381443

Out[762]= 0.57066

• ì q�s c sV| �*� ��x eme�� t k t }mgRk |/t�q kfuhi�k q }�ehk � E1
� k E2

� c!g |/|/x ∆(E1) � k ∆(E2) c*i*kfex uhg ��x u t�t g/} x e � i!clg � klk s�x eh}mg z ehklu t!xZ��~ g)uyk*e t klg/} q i zl| g s�~�q c | gje q } ��xZswx e x�|j�^zl|j|.z �

·!·



In[763]:= e1 = -0.9; e2 = -1.2;
i = 1; e@iD = He1 + e2L � 2;

In[765]:= WhileAAbs@e1 - e2D > 10-6,

If@D@e@iDD D@e2D < 0, e1 = e@iD, e2 = e@iDD;
i++;

e@iD = He1 + e2L � 2;E
In[767]:= e@iD
Out[767]= -1.

• È k*e t klg/} q�orq�swt ehgjc y }hklk � klk s�s ��e=uyk*e t kfg.} x�� k |j| kO����e zf| �{� ¯l¯ � E � s kfuhilc |j| k −1 �
Ε0 = -1.0;
y0@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε0,

y@r0D � f0@r0D, y'@r0D � f0'@r0D<,
y@rD, 8r, r0, ri<DD;

y¥@r_D = y@rD �. Flatten@NDSolve@8eq �. Ε ® Ε0,
y@r¥D � f¥@r¥D �. Ε ® Ε2, y'@r¥D � f¥'@r¥D �. Ε ® Ε0<,

y@rD, 8r, ri, r¥<DD;H* �; mahdollistaa paloittain määritellyn funktion
määrittelyn , esim. f@x_D:=x2�;x>0 *LH* määrittely f@x_D:=x2 pätee, kun �;-merkin jälkeen
kirjoitettu ehto on voimassa *L

Η@r_D := y0@rD �; H0 £ r && r < riL
Η@r_D :=

y0@riD
y¥@riD  y¥@rD �; Hri £ r && r < r¥L

Show@Plot@Η@rD, 8r, r0, r¥<D,
PlotRange ® All, AxesOrigin ® 80, 0<D

Out[779]=
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• Ú clu � g�e q }��R�rc |/x e x eyklk s_��x e�e z klk | ehc orq�s�t ehgjc s kfuhilc x g_umg/g ~wqVt�q�|/� k �Eqwq e�e q*� g/}�ehk��
∫

V

|ψ(r)|2dV =

∫

Ω

dΩ

∫ ∞

0

r2|ψ(r)|2dr = 4π

∫ ∞

0

y(r)2dr = 1 � ¯�· �
b x u t g�e zlzfs

y(r) =

{

c1y0(r) 0 ≤ r < ri
c2y∞(r) ri ≤ r ≤ r∞

· ¶



� c |/| c!g s
1

4π
=

∫ r∞

r0

y(r)2dr = c21

∫ ri

r0

y0(r)
2dr + c22

∫ r∞

ri

y∞(r)2dr

= c21

(
∫ ri

r0

y0(r)
2dr +

c22
c21

∫ r∞

ri

y∞(r)2dr

)

≡ c21N

ñ�k t gjc!g ��xZs c1 � k c2 } q � ��x´��z!z u z ��e���� � kfe t�q i q�q } x � � c!}�ehkw� c1y0(ri) = c2y∞(ri) �� c!}�ehk
c2
c1

=
y0(ri)

y∞(ri)

� s e xZ� uhk!k | g N ilc!g � klk sVs �!e | kl} tlx kE�!cw������e zf| �!}�e zw�ò� c |/| c!g s
c1 =

1√
4πN

• ñ�kfuy}�g s kfg s�x�s klk | ehc orq�swt ehgjc�c s
ψ(r) =

y(r)

r

n = NIntegrate AHΗ@rDL2, 8r, r0, r¥<E;
g1 = PlotB Η@rD

4 Π n r
, 8r, r0, r¥<,

PlotRange ® All, Filling ® AxisF;
g2 = Plot3DB ΗB x2 + y2 F

4 Π n x2 + y2
, 8x, -r¥, r¥<,

8y, -r¥, r¥<, RegionFunction ®

Function A8x, y<, x2 + y2 < r¥2 && x2 + y2 > r02E,
PlotRange ® 80, 0.5<F;

GraphicsArray @8g1, g2<D

Out[812]=
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