7636285 CONDENSED MATTER PHYSICS Problem Set 4 Spring 2009

1. Nearly free electrons part 1
a) Consider a two—dimensional square lattice of lattice constant a and take
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Find the Fourier transform Ug.

b) For ki = (r/a,7/a), c, will couple strongly to three other components of

Y, cg, ---cp,- What are ko ... ks? Identify the values of K that one must
include when doing perturbation theory to find ¢z ...c; to first order in
1 4
Up.
c) Evaluate Up for the necessary values of K. Show that U & = U_j is nonzero

only for one value of K. Therefore perturbation theory can be reduced to
the subspace involving only o and, say, Cr,-

2. Nearly free electrons part 2
Continue analysing the previous problem.
d) Write down Schroédinger’s equation in the subspace involving only cg, and
CEQ‘
e) Solve the resulting 2 x 2 system of equations and find the two allowed energies
at Bloch index El.
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f) Sketch &; for the lowest two bands along the line I'-T, and indicate the size
of the energy gap.



Nearly free electron Fermi surface near a single Bragg plane

To investigate the band structure close to a Bragg plane, it is convenient to measure
the wave vector k with respect to the poin —%[? on the Bragg plane. Writing
k= —%I? + ¢ and resolving ¢ into its components parallel (¢) and perpendicular
(q1) to K , the effect of the weak periodic potential on the energies of the two free
electron levels is
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It is also convenient to measure £ with respect to the lowest value assumed by
either of the bands in the Bragg plane, writing

Er =€ —|Ugl+4,

so that when A < 0, no Fermi surface intersects the Bragg plane.
a) Let 0 < A < 2|Ug|. Show that the Fermi surface lies entirely in the lower

band and intersects the Bragg plane in a circle of radius /2mA/ h.
b) How do the Fermi surface and Bragg plane intersect when A > 2|Uz|?

Reciprocal lattice and Brillouin zones
a) Consider a two—dimensional lattice with primitive vectors a(1,0) and a (1, 1).
Find the primitive vectors for the reciprocal lattice, and draw a picture of
the first and second Brillouin zones.

b) Find the areas of the first and second Brillouin zones.

c¢) With 2 noninteracting electrons per site and a weak potential U, visualize
the Fermi surface of the system.



