
763628S CONDENSED MATTER PHYSICS Problem Set 8 Spring 2009

Note! The last exercise session is on Tuesday 7.4 10:15-12:00.

1. Variational analysis

a) A function of two real variables, g(x, y), can be represented also in the form
f(z, z∗) ≡ g(<e z,=m z) with z = x + iy. Show that in case ∂g

∂x = ∂g
∂y = 0,

also ∂f
∂z = ∂f

∂z∗ = 0.

b) Justify, in the case of one particle with the Hamiltonian Ĥ = − h̄2

2m∇2 +U(~r),
that the functional

∫
d~rψ∗(~r)Ĥψ(~r)∫
d~r|ψ(~r)|2

has an extremum in case ψ is an eigenstate of Ĥ.
c) Repeat the analysis by minimizing

∫
d~rψ∗(~r)Ĥψ(~r) with the constraint∫

d~r|ψ(~r)|2 = 1 taken into account with a Lagrange multiplier.

2. Hartree equations

a) Find the expectation value FH of

Ĥ = − h̄2

2m

N∑

l=1

∇2
l +

N∑

l=1

Uion(~rl) +
∑

l<l′

e2

|~rl − ~r′l|

in a state of the form Ψ =
∏N

l=1 ψl(~rl) where the ψl(~rl) are orthonormal.
b) Take the variation of FH, subject to the constraint that each ψ be normalized:

δFH

δψl(~r)
− δ

δψl(~r)

∑

j

Ej

∫
d~r′ψ∗j (~r′)ψj(~r′) = 0 .

c) Add one extra term (without much justification apart from simplicity) so
that the Coulomb interaction term of the Hamiltonian becomes the same for
all wave functions. In this way, recover the Hartree equations. Notice that
demanding that each ψl be normalized is sufficient to result in an orthonormal
set of functions.

3. Lindhard dielectric function

By direct integration, show that
∫

k′≤kF

d~k′
1

|~k − ~k′|2
= 4πkFF

(
k

kF

)



where

F (x) =
1− x2

4x
ln

∣∣∣∣
1 + x

1− x

∣∣∣∣ +
1
2
.

4. Hartree–Fock energy for jellium

Show that the Hartree–Fock energy for jellium

E =
∑

~k,σ

[
h̄2k2

2m
− e2

π
kFF

(
k

kF

)]

can also be given in the form

E = N

[
3
5
EF − 3

4
e2kF

π

]
.

Sketch E/N as a function of kF , and find the equilibrium density.


