
Angular momentum

O(3)
We consider active rotations.
3× 3 orthogonal matrix R ⇐⇒ rotation inR3.

Number of parameters

1. RRT symmetric ⇒ RRT has 6 independent
parameters ⇒ orthogonality condition RRT = 1
gives 6 independent equations ⇒ R has 9− 6 = 3 free
parameters.

2. Rotation around n̂ (2 angles) by the angle φ ⇒ 3
parameters.

3. n̂φ vector ⇒ 3 parameters.

3× 3 orthogonal matrices form a group with respect to
the matrix multiplication:

1. R1R2 is orthogonal if R1 and R2 are orthogonnal.

2. R1(R2R3) = (R1R2)R3, associativity.

3. ∃ identity I = the unit matrix.

4. if R is orthogonal, then also the inverse matrix
R−1 = RT is orthogonal.

The group is called O(3).
Generally rotations do not commute,

R1R2 6= R2R1,

so the group is non-Abelian.
Rotations around a common axis commute.
Rotation around z-axis:

Rz(φ) =

 cos φ − sinφ 0
sinφ cos φ 0

0 0 1


Rz

 x
y
z

 =

 x cos φ− y sinφ
x sinφ + y cos φ

z

 .

Infinitesimal rotations up to the order O(ε2):

Rz(ε) =

 1− ε2

2 −ε 0

ε 1− ε2

2 0
0 0 1

 ,

Rx(ε) =

 1 0 0

0 1− ε2

2 −ε

0 ε 1− ε2

2

 ,

Ry(ε) =

 1− ε2

2 0 ε

0 1 0

−ε 0 1− ε2

2

 .

We see that

Rx(ε)Ry(ε)−Ry(ε)Rx(ε) =

 0 −ε2 0
ε2 0 0
0 0 0


= Rz(ε2)− 1.

In a Hilbert space we associate

R←→ D(R),

i.e.
|α〉R = D(R)|α〉.

We define the angular momentum (J) so that (we are not
employing properties of the classical angular momentum
x× p)

D(n̂, dφ) = 1− i

(
J · n̂

h̄

)
dφ

and require that the rotation operator D

• is unitary,

• is decomposable,

• D → 1, when dφ→ 0.

We see that J must be Hermitean, i.e.

J† = J .

Moreover, we require that D satisfies the same group
properties as R, i.e.

Dx(ε)Dy(ε)−Dy(ε)Dx(ε) = Dz(ε2)− 1.

Since rotations around a common axis commute a finite
rotation can be constructed as

D(n̂φ) = lim
N→∞

[
1− i

(
J · n̂

h̄

)(
φ

N

)]N

= exp
(
− iJ · n̂φ

h̄

)
= 1− i

J · n̂φ

h̄
− (J · n̂)2φ2

2h̄2 + · · · .

We apply this up to the order O(ε2):(
1− iJxε

h̄
− J2

xε2

2h̄2

)(
1− iJyε

h̄
−

J2
y ε2

2h̄2

)

−

(
1− iJyε

h̄
−

J2
y ε2

2h̄2

)(
1− iJxε

h̄
− J2

xε2

2h̄2

)
= − 1

h̄2 JxJyε2 +
1
h̄2 JyJx +O(ε3)

= 1− i
Jzε

2

h̄
− 1.

We see that
[Jx, Jy] = ih̄Jz.

Similarly for other components:

[Ji, Jj ] = ih̄εijkJk.



We consider:

〈Jx〉 ≡ 〈α|Jx|α〉 −→
R〈α|Jx|α〉R = 〈α|D†z(φ)JxDz(φ)|α〉.

We evaluate

D†z(φ)JxDz(φ) = exp
(

iJzφ

h̄

)
Jx exp

(
− iJzφ

h̄

)
applying the Baker-Hausdorff lemma

eiGλAe−iGλ =

A + iλ[G, A] +
(

i2λ2

2!

)
[G, [G, A]] + · · ·

+
(

inλn

n!

)
[G, [G, [G, . . . [G, A]]] . . .] + · · ·

where G is Hermitean. So we need the commutators

[Jz, Jx] = ih̄Jy

[Jz, [Jz, Jx]] = ih̄[Jz, Jy] = h̄2Jx

[Jz, [Jz, [Jz, Jx]]] = h̄2[Jz, Jx] = ih̄3Jy

...

Substituting into the Baker-Hausdorff lemma we get

D†z(φ)JxDz(φ) = Jx cos φ− Jy sinφ.

Thus the expectation value is

〈Jx〉 −→ R〈α|Jx|α〉R = 〈Jx〉 cos φ− 〈Jy〉 sinφ.

Correspondingly we get for the other components

〈Jy〉 −→ 〈Jy〉 cos φ + 〈Jx〉 sinφ

〈Jz〉 −→ 〈Jz〉.

We see that the components of the expectation value of
the angular momentum operator transform in rotations
like a vector in R3:

〈Jk〉 −→
∑

l

Rkl〈Jl〉.

Euler angles

1. Rotate the system counterclockwise by the angle α
around the z-axis. The y-axis of of the system
coordinates rotates then to a new position y′.

2. Rotate the system counterclockwise by the angle β
around the y′-axis. The system z-axis rotates now to
a new position z′.

3. Rotate the system counterclockwise by the angle γ
around the z′-axis.

Using matrices:

R(α, β, γ) ≡ Rz′(γ)Ry′(β)Rz(α).

Now

Ry′(β) = Rz(α)Ry(β)R−1
z (α)

Rz′(γ) = Ry′(β)Rz(γ)R−1
y′ (β),

so

R(α, β, γ) = Ry′(β)Rz(γ)R−1
y′ (β)Ry′(β)Rz(α)

= Ry′(β)Rz(α)Rz(γ)
= Rz(α)Ry(β)R−1

z (α)Rz(α)Rz(γ)
= Rz(α)Ry(β)Rz(γ).

Correspondingly

D(α, β, γ) = Dz(α)Dy(β)Dz(γ).


