Angular momentum O(3)

We consider active rotations.

3 × 3 orthogonal matrix R ⇐⇒ rotation inR^3.

Number of parameters

1. RR^T symmetric ⇒ RR^T has 6 independent parameters ⇒ orthogonality condition RR^T = 1 gives 6 independent equations ⇒ R has 9 − 6 = 3 free parameters.

2. Rotation around n̂ (2 angles) by the angle ϕ ⇒ 3 parameters. 3. n̂ϕ vector ⇒ 3 parameters.

3 × 3 orthogonal matrices form a group with respect to the matrix multiplication:

1. R_1R_2 is orthogonal if R_1 and R_2 are orthogonal. 2. R_1(R_2R_3) = (R_1R_2)R_3, associativity. 3. ∃ identity I = the unit matrix.

4. if R is orthogonal, then also the inverse matrix R^{−1} = R^T is orthogonal. The group is called O(3).

Generally rotations do not commute, R_1R_2 ≠ R_2R_1, so the group is non-Abelian.

Rotations around a common axis commute. Rotation around z-axis:

R_z(ϕ) = cos ϕ − sin ϕ 0 sin ϕ cos ϕ 0 0 0 1

R_z x y z = x cos ϕ − y sin ϕ x sin ϕ + y cos ϕ z .

Sign convention: ϕ is positive clockwise z-axis. Infinitesimal rotations up to the order O(ϵ^2):

R_z (ϵ) =

1 − ϵ^22 −ϵ 0 ϵ 1 − ϵ^22 0 0 0 1 ,

R_x(ϵ) =

1 0 0 0 1 − ϵ^22 −ϵ 0 ϵ 1 − ϵ^22 ,

R_y(ϵ) =

1 − ϵ^22 0 ϵ 0 1 0 −ϵ 0 1 − ϵ^22 .

We see that

R_x(ϵ)R_y(ϵ) − R_y(ϵ)R_x(ϵ) =

0 −ϵ^2 0 ϵ^2 0 0 0 0 0 = R_z(ϵ^2) − 1.

Remember one (e.g. R_x) and others follow from cyclic permutation: x→y, y→z, z→x Let us define rotation in a ket space.

Unlike in the previous slides (dim=ℜ^3), the rotation operator D has dimensionality of the ket space In a Hilbert space we associate

R ←→ D(R),

i.e.

|α⟩_R = D(R)|α⟩.

Like previously, unitary operator

D = 1 − iGϵ

in which G is Hermitian does the job.

From classical physics we know that the angular momentum generates a rotation, and so G → J_k h̄ , ϵ → dϕ

More generally, infinitesimal rotation around n̂ axis reads

D(n̂, dϕ) = 1 − i ( J · n̂ h̄ ) dϕ and require that the rotation operator D

• is unitary, • is decomposable,

• D → 1, when dϕ → 0. Notice Above we define angular momentum operator J so that it generates the rotation and give up the classical definition L = x × p. This is due to the fact that we want to include spin to our definition. We see that J must be Hermitean, i.e.

J^† = J.

Moreover, we postulate that D satisfies the same group properties (fundamental commutation relations of rotations) as R, i.e.

D_x(ϵ)D_y(ϵ) − D_y(ϵ)D_x(ϵ) = D_z(ϵ^2) − 1.

Since rotations around a common axis commute a finite rotation can be constructed as

D(n̂ϕ) = lim_{N→∞} [ 1 − i ( J · n̂ h̄ ) ( ϕ N )]_N

= exp ( − iJ · n̂ϕ h̄ )

= 1 − i

J · n̂ϕ h̄ − (J · n̂)^2ϕ^2 2h̄^2

+ · · · .

We apply this up to the order O(ϵ^2): ( 1 − iJ_xϵ h̄ − J^2_x ϵ^2 2h̄^2 ) ( 1 − iJ_yϵ h̄ − J^2_y ϵ^2 2h̄^2 )

− ( 1 − iJ_yϵ h̄ − J^2_y ϵ^2 2h̄^2 ) ( 1 − iJ_xϵ h̄ − J^2_x ϵ^2 2h̄^2 )

= − 1 h̄^2

J_xJ_yϵ^2 + 1 h̄^2

J_yJ_x + O(ϵ^3)

= 1 − i

J_zϵ^2 h̄ − 1.

We see that [J_x, J_y] = ih̄J_z.

Similarly for other components:

[J_i, J_j ] = ih̄ϵ_{ijk} J_k

which are the fundamental commutation relations of angular momentum. We consider:

⟨J_x⟩ ≡ ⟨α|J_x|α⟩ −→ R⟨α|J_x|α⟩_R = ⟨α|D^†_z(ϕ)J_xD_z(ϕ)|α⟩.

We evaluate

D^†_z(ϕ)J_xD_z(ϕ) = exp ( iJ_zϕ h̄ ) J_x exp ( − iJ_zϕ h̄ )

applying the Baker-Hausdorff lemma

e^{iGλ}Ae^{−iGλ} =

A + iλ[G, A] + ( i^2λ^2 2! ) [G, [G, A]] + · · · + ( i^nλ^n n! ) [G, [G, [G, . . . [G, A]]] . . .] + · · ·

where G is Hermitean. So we need the commutators

[J_z, J_x] = ih̄J_y [J_z, [J_z, J_x]] = ih̄[J_z , J_y] = h̄^2J_x [J_z , [J_z, [J_z, J_x]]] = h̄^2[J_z, J_x] = ih̄^3J_y . . Remembering

sin(x) = ∞∑ n=0 (−1)^n (2n + 1)!

x^{2n+1} ; cos(x) = ∞∑ n=0 (−1)^n (2n)!

x^{2n}

and substituting into the Baker-Hausdorff lemma we get

D^†_z (ϕ)J_xD_z(ϕ) = J_x cos ϕ − J_y sin ϕ.

Thus the expectation value is

⟨J_x⟩ −→_R⟨α|J_x|α⟩_R = ⟨J_x⟩ cos ϕ − ⟨J_y⟩ sin ϕ.

in which ⟨J_x⟩ and ⟨J_y⟩ are the expectation values with respect to the unrotated state.

Correspondingly we get for the other components

⟨J_y⟩ −→ ⟨J_y⟩ cos ϕ + ⟨J_x⟩ sin ϕ ⟨J_z ⟩ −→ ⟨J_z ⟩.

We see that the components of the expectation value of the angular momentum operator transform in rotations like a vector in R^3:

⟨J_k⟩ −→ ∑ l R_{kl}⟨J_l⟩.

Euler angles

1. Rotate the system counterclockwise by the angle α around the z-axis.

The y-axis of the system coordinates rotates then to a new position y^′. 2. Rotate the system counterclockwise by the angle β around the y^′-axis.

The system z-axis rotates now to a new position z^′.

3. Rotate the system counterclockwise by the angle γ around the z^′-axis. Using matrices:

R(α, β, γ) ≡ R_z′ (γ)R_y′ (β)R_z (α). Now R_y′ (β) = R_z(α)R_y (β)R^{−1}_z (α) R_z′ (γ) = R_y′ (β)R_z (γ)R^{−1}_y′ (β), so R(α, β, γ) = R_y′ (β)R_z (γ)R^{−1}_y′ (β)R_y′ (β)R_z (α) = R_y′ (β)R_z (α)R_z (γ) = R_z (α)R_y (β)R^{−1}_z (α)R_z (α)R_z (γ) = R_z (α)R_y (β)R_z (γ).

Correspondingly D(α, β, γ) = D_z(α)D_y(β)D_z(γ).