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Tentti, Examination 2.4.2004

1. (a) Define the manifold.

(b) Define the covariant vector.

(c) Show that the property τab = τ ba of a tensor is independent of the
coordinate system

2. Derive an expression for the absolute derivative of a covariant vector µa

starting from the expression of absolute derivative of a contravariant vector
and the fact that λaµa is a scalar.

3. We studied the equation

(ρuµ),µ + (p/c2)uµ
,µ = 0 (1)

where uµ is the four velocity. Derive the equation to which this reduces in
case of ordinary nonrelativistic materia.

4. A uniform gravitational field V = gz corresponds to metric

c2dτ2 = c2(1 +
2gz

c2
)dt2 − dx2 − dy2 − dz2. (2)

Calculate the coefficients Γµ
νσ using variables x0 = t, x1 = x, x2 = y and

x3 = z. Show that in the limit c→∞ the geodetic lines satisfy Newton’s
equation of motion

m
d2r
dt2

= −mge3 (3)

5. The Friedmann equation

Ṙ2 + k =
8πG

3
ρR2 (4)

was derived in the course (at least partly). Explain the quantities appea-
ring in this equation. Explain what equations are needed to derive this
expression. (Do not make the calculations, they are too long.)

Fill in the course evaluation form!

Collection of formulas

Γa
bc = 1

2gad (∂bgdc + ∂cgbd − ∂dgbc) (5)

d2xa

du2
+ Γa

bc

dxb

du

dxc

du
= 0 (6)

1



d

du

(
∂L

∂ẋc

)
− ∂L

∂xc
= 0, L (ẋc, xc) ≡ 1

2gab (xc) ẋaẋb (7)

Dλa

du
=

dλα

du
+ Γa

bcλ
b dxc

du
(8)

τa
b;c = ∂cτ

a
b + Γa

dcτ
d
b − Γd

bcτ
a
d (9)

λa;bc − λa;cb = Rd
abcλd (10)

Rd
abc = ∂bΓd

ac − ∂cΓd
ab + Γe

acΓ
d
eb − Γe

abΓ
d
ec (11)

Rabcd = −Rbacd = −Rabdc = Rcdab (12)

Ra
bcd + Ra

cdb + Ra
dbc = 0 (13)

Rab = Rc
abc R = gabRab Gab = Rab − 1

2Rgab (14)

Rµν − 1
2Rgµν = κTµν , κ = −8πG

c4
(15)

Tµν = (ρ +
p

c2
)uµuν − pgµν (16)

c2dτ2 =
(

1− 2m

r

)
c2dt2 − dr2

1− 2m
r

− r2dθ2 − r2 sin2 θdφ2, m =
GM

c2
(17)

dτ2 = dt2 −R(t)2
(

dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
, c = 1 (18)
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