Yleinen suhteellisuusteoria, General relativity 7636955
Tentti, Examination 11.12.2009

1. (a) How is a contravariant vector defined on a manifold?

(b) The curl of a covariant vector field A, is defined as the skew symmetric
tensor field Ag;p — Ap;q. Show that

)\a;b - )\b;a = 8b/\a - 6a>\b (1)
(c) What is meant by local cartesian coordinates on a manifold?

2. We define in « — y plane the coordinates (u,v) by equations

v = Vi, y:\/f. 2)

For coordinates (u,v), calculate the natural basis vectors and the corres-
ponding dual basis vectors expressed in the basis (¢,7) of cartesian coor-
dinates. Which of the basis vectors are everywhere orthogonal to each
other?

3. For a torus (see figure) one gets the line element
ds® = b2d0? + (a + bcos 0)%d¢?, (3)

where b < a. Derive the equations for geodesic lines using Lagrange equa-
tions and calculate the connection coefficients. Study whether the lines
0 = constant are geodesic.
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4. Starting from the line element
ds* = A(r)dt? + B(r)dr® + r2d6?* + 12 sin® 0d¢?, (4)

what should be done in order to derive the Schwarzschild metric around
a massive object. Do not attempt to do the calculations, tell only what
equations you have to use.



5. We study the Schwarzschild metric around a massive body: compare the
distances in different directions and the time in stationary clocks at diffe-

rent distances compared to the Schwarzschild coordinates.

Fill in the course evaluation form!
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