
Yleinen suhteellisuusteoria, General relativity 763695S
Tentti, Examination 11.12.2009

1. (a) How is a contravariant vector defined on a manifold?
(b) The curl of a covariant vector field λa is defined as the skew symmetric

tensor field λa;b − λb;a. Show that

λa;b − λb;a = ∂bλa − ∂aλb (1)

(c) What is meant by local cartesian coordinates on a manifold?

2. We define in x− y plane the coordinates (u, v) by equations

x =
√
uv, y =

√
u

v
. (2)

For coordinates (u, v), calculate the natural basis vectors and the corres-
ponding dual basis vectors expressed in the basis (i, j) of cartesian coor-
dinates. Which of the basis vectors are everywhere orthogonal to each
other?

3. For a torus (see figure) one gets the line element

ds2 = b2dθ2 + (a+ b cos θ)2dφ2, (3)

where b < a. Derive the equations for geodesic lines using Lagrange equa-
tions and calculate the connection coefficients. Study whether the lines
θ = constant are geodesic.

4. Starting from the line element

ds2 = A(r)dt2 +B(r)dr2 + r2dθ2 + r2 sin2 θdφ2, (4)

what should be done in order to derive the Schwarzschild metric around
a massive object. Do not attempt to do the calculations, tell only what
equations you have to use.
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5. We study the Schwarzschild metric around a massive body: compare the
distances in different directions and the time in stationary clocks at diffe-
rent distances compared to the Schwarzschild coordinates.

Fill in the course evaluation form!

Collection of formulas (NOTE THE ADDITIONS)

ei =
∂r

∂ui
, ei = ∇ui, gij = ei · ej (5)

Γabc = 1
2g
ad (∂bgdc + ∂cgbd − ∂dgbc) (6)

d2xa

du2
+ Γabc

dxb

du

dxc

du
= 0 (7)

d

du

(
∂L

∂ẋc

)
− ∂L

∂xc
= 0, L (ẋc, xc) ≡ 1

2gab (xc) ẋaẋb (8)

Dλa

du
=
dλα

du
+ Γabcλ

b dx
c

du
(9)

τab;c = ∂cτ
a
b + Γadcτ

d
b − Γdbcτ

a
d (10)

λa;bc − λa;cb = Rdabcλd (11)

Rdabc = ∂bΓdac − ∂cΓdab + ΓeacΓ
d
eb − ΓeabΓ

d
ec (12)

Rabcd = −Rbacd = −Rabdc = Rcdab (13)

Rabcd +Racdb +Radbc = 0 (14)

Rab = Rcabc R = gabRab Gab = Rab − 1
2Rgab (15)

Rµν − 1
2Rg

µν = κTµν , κ = −8πG
c4

(16)

Tµν = (ρ+
p

c2
)uµuν − pgµν (17)

c2dτ2 =
(

1− 2m
r

)
c2dt2 − dr2

1− 2m
r

− r2dθ2 − r2 sin2 θdφ2, m =
GM

c2
(18)

dτ2 = dt2 −R(t)2
(

dr2

1− kr2
+ r2dθ2 + r2 sin2 θdφ2

)
, c = 1 (19)
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